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ABSTRACT 

An analytical approach, as an extension of one newly 
developed method — First-principle OPTical Intercept 
Calculation (FirstOPTIC) — is proposed to treat the 
geometrical impact of three-dimensional (3-D) effects on 
parabolic trough optical performance. The mathematical 
steps of this analytical approach are presented and 
implemented numerically as part of the suite of FirstOPTIC 
code. In addition, the new code has been carefully validated 
against ray-tracing simulation results and available 
numerical solutions. This new analytical approach to 
treating 3-D effects will facilitate further understanding and 
analysis of the optical performance of trough collectors as a 
function of incidence angle. 

1. INTRODUCTION 

Recently, after a long period of lethargy, concentrating solar 
power (CSP) has experienced revived market growth, with 
an installed capacity of about 740 MW between 2007 and 
2010. At the end of 2010, the global installed capacity 
accumulated to about 1,095 MW and is forecasted to reach 
about 1,789 MW [1] by the end of 2013. There are four 
main CSP technologies: parabolic trough, linear-Fresnel, 
central-receiver tower, and dish/engine. Parabolic trough, as 
the reference CSP technology, accounts for about 90% of 
existing commercial CSP plants. A key parameter for the 
evaluation of parabolic trough technology is the collector 
optical performance, which has an immediate impact on the 
levelized cost of energy (LCOE) of a solar plant. The 
nominal optical efficiency of a trough collector is calculated 
at normal incidence and defined as: ߟ௢ ൌ ௦௨௡ܧ௥௘௖௘௜௩௘௥ܧ ൌ  (1) .ߛߙ߬ߩ

Here, ρ  is the parabolic mirror reflectivity, τ the receiver 
glass envelope transmissivity, α the average receiver coating 
absorptivity, and γ the collector intercept factor. The intercept 
factor accounts for the fraction of reflected rays that reach the 
receiver tube. The factors determining a collector’s intercept 
factor include the finite size of the sun shape and various 
collector optical errors such as mirror specularity error, mirror 
slope error, receiver position error, and collector tracking 
error. 

Parabolic trough collectors track the sun in the transversal 
plane, while in the longitudinal plane the incidence angle 
varies over time, leading to reduced optical performance. 
Here, the incidence angle of a trough collector is defined as 
the angle between the normal vector to the collector aperture 
plane and the nominal direction of incoming sun rays. The 
effects of varying incidence angle (θ) on parabolic trough 
collectors are often called three-dimensional (3-D) effects. 
These 3-D effects have been examined extensively in the 
past [2] and include the cosine effect, the widened image of 
the sun, the end loss, the elongated optical path of reflected 
rays, and the decaying material optical performance with 
increasing incidence angle. 

The incidence angle modifier (IAM) is defined to account 
for the 3-D effects as follows: ܯܣܫሺߠሻ ൌ ߠ଴ሺߟሻߠሺߟ ൌ 0ሻ. (2) 

Here, the IAM includes the cosine effect. The work here 
focuses on the geometrical impact of 3-D effects, so the 
decaying material optical performance (such as decaying 
absorptivity of the receiver coating surface) is not included 
in the calculation of IAM. However, it must be mentioned 
that material performances are dependent on the incidence 
angle and may vary with different adopted technologies of 
trough collectors. 
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This paper discusses the development of an analytical 
methodology to correctly model the geometrical impacts of 
the incidence angle ߠ on the intercept factor. In Section 2, 
an overview of FirstOPTIC [3] is given. Section 3 presents a 
mathematical procedure treating the various 3-D effects as 
an extension of FirstOPTIC. The code development and 
validation are described in Section 4. Lastly, the conclusions 
are outlined in Section 5. 

2. THE FirstOPTIC AT NORMAL INCIDENCE 

FirstOPTIC calculates the intercept factor of a trough 
collector by employing first-principle treatment to optical 
error sources and was described in detail by Zhu & 
Lewandowski [3]. Here, a brief introduction is given. 

For a trough collector, various optical error sources such as 
mirror specularity and tracking error effectively broaden the 
original sun shape, which results in an effective broadened 
beam cone reaching the receiver. Assume the effective 
broadened beam is represented by the following function:  ܤ௘௙௙ ൌ ݃௘௙௙ሺߚሻ. (3) 

The effective beam spread function in the above equation 
may include the effect of all or part of the system optical 
errors. Assume the effective beam of equation (3) accounts 
for all system optical errors excluding reflector slope error 
and receive position error, which are instead represented as 
a geometrical error data set affecting the collector’s 
acceptance angles. 

For an arbitrary point (x,y) on a trough collector under 
normal incidence, the local intercept factor can be calculated 
as: ߛሺݔ, ሻݕ ൌ ׬ ݃௘௙௙ሺߚሻఉೞ೗೚೛೐శೝ೐೎೐೔ೡ೐ೝశ ሺ௫,௬ሻఉೞ೗೚೛೐శೝ೐೎೐೔ೡ೐ೝሺೣ,೤ሻష  (4) .ߚ݀

Here, ߚ௦௟௢௣௘ା௥௘௖௘௜௩௘௥ା ሺݔ, ௦௟௢௣௘ା௥௘௖௘௜௩௘௥ିߚ ሻ andݕ ሺݔ,  ሻ are theݕ
receiver acceptance angle limits accounting for both mirror 
slope error and receiver position error. The impact of slope 
error and position error on the acceptance angles is 
illustrated in Fig. 1. 

Integration of ߛሺݔ,  ሻover the trough aperture yields theݕ
intercept factor: ߛ଴ ൌ ଵ௪·௟ · ׬ ׬ ,ݔሺߛ మିೢೢమି೗మି೗మݕ݀ݔሻ݀ݕ . (5) 

A suite of MATLAB code has been developed and validated 
for FirstOPTIC. In the FirstOPTIC code, the system optical 
errors can be defined either as probability distribution 
functions or in a format representing direct laboratory 

measurements for mirror slope errors and receiver position 
errors. Please refer to Zhu & Lewandowski [3] for details. 

 

 

Fig. 1: Illustration of collector acceptance angles with slope 
error (top) and receiver position (bottom) error present. 

3. MATHEMATICAL MODEL TREATING THE 3-D 
EFFECTS 

The existing FirstOPTIC was developed for trough 
collectors under normal incidence. Under non-zero 
incidence angles, the acceptance angle limits  ߚଷ஽ା  and ߚଷ஽ି 
are not only a function of transversal slope errors and 
receiver position error, but also a function of the incidence 
angle and of the longitudinal slope errors. The rest of this 
section is focused on the development of generic 
mathematical formulae to calculate new acceptance angles 
for varying incidence angles. Once the acceptance angle 
limits are obtained, the intercept factor can then be readily 
calculated through equations (4) and (5). 
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3.1 Theoretical derivation of acceptance angle under non-
zero incidence 

I. Determination of the actual normal vector for every 
point of the mirror 

Mirror slope errors in the first-principle approach are treated 
as rotations of the normal vector to the desired mirror 
surface. For mathematical convenience, two different 
coordinate systems are used: a global coordinate system (x, 
y, z) and a local coordinate system ሺݔ’, ,’ݕ  ሻ centered in a’ݖ
selected surface point, in which the ݔ’ axis is tangent to the 
trough surface in the xz plane as shown in Fig. 2. 

 
Fig. 2: Adopted reference axes systems. 

For an arbitrary point ܲሺݔ଴, ,଴ݕ  ,଴ሻ on the reflector surfaceݖ
the normal unit vector to the surface is ݊’ ൌ ሾ0, 0, 1ሿ in the 
local coordinate axis system and ݊ ൌሾ െ݊݅ݏሺ߱ሻ, 0, ߱ ሺ߱ሻሿ, withݏ݋ܿ ൌ atan ቀப୸ப୶ቁ ൌ tanିଵ ቀ ௫ଶ௙ቁ, in 

the global coordinate system. Usually slope errors are 
obtained through experimental measurements [4] as angular 
displacement in the longitudinal (ߝ௬ሻ and transversal planes 
 ௫ሻ with respect to the local coordinate system. The slopeߝ)
error is defined as positive here if it causes a clockwise 
rotation of the normal vector. The actual surface normal 
vector ݊Ԣఌ with slope errors present is: 

ሬ݊ԦԢఌ ൌ
ێێۏ
ێێێ
ۍ ௫ඥ1ߝ݊ܽݐ ൅ ௬ߝଶ݊ܽݐ ൅ ௬ඥ1ߝ݊ܽݐ௫ߝଶ݊ܽݐ ൅ ௬ߝଶ݊ܽݐ ൅ ௫1ඥ1ߝଶ݊ܽݐ ൅ ௬ߝଶ݊ܽݐ ൅ ۑۑے௫ߝଶ݊ܽݐ

ۑۑۑ
ې
 (6) 

 
Fig. 3: Illustration of acceptance angle calculation for a 
trough collector. 

II. Determination of the plane containing the incoming 
rays and reflected rays 

As illustrated in Fig. 3, the incoming sun plane with an 
incidence angle ߠ is denoted by its nominal incoming vector ݅’ and the incoming plane normal vector ݅Ԣୄ as follows: 

ଓԦ ᇱ ൌ ൥ܿ߱ݏ݋ܿߠݏ݋ܿߠ݊݅ݏ߱݊݅ݏߠݏ݋൩ ; ଓԦ ᇱୄ ൌ ൥߱݊݅ݏߠ݊݅ݏെܿ߱ݏ݋ܿߠ݊݅ݏߠݏ݋൩. (7-8) 

Here, the incidence angle ߠ is the angle between the 
nominal incoming vector ݅’ and the transversal plane ݖ’ݔ’. 
With Snell’s law, the nominal reflected ray ݎᇱ and the unit 
vector ݎԢୄ normal to the reflected plane ܴ’ containing the 
reflected rays can be obtained: ݎԦ ᇱ ൌ െଓԦ ᇱ ൅ 2ሺଓԦ ᇱ ·  ሬ݊Ԧ ᇱఌሻ · ሬ݊Ԧ Ԣఌ (9) ݎԦ Ԣୄ ൌ െଓԦ Ԣୄ ൅ 2ሺଓԦ Ԣୄ ·  ሬ݊Ԧ ᇱఌሻ · ሬ݊Ԧ Ԣఌ (10) 

III. Determination of the planes passing through P and 
tangent to the absorber tube 

Assuming the receiver position error ሺݔ߂,  ሻ, theݖ߂
acceptance angle limits in the transversal plane (ݖ’ݔ’) can be 
calculated by FirstOPTIC as [3]:  

x

ω

ω 
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௥௘௖௘௜௩௘௥ାߚ ሺݔሻ ൌ ሻݔ௦௛௜௙௧ሺߜ ൅ sinିଵ ۔ە
ۓ ௗଶ·ඨቈሺ௫ି∆௫ሻమା൬ ೣమర·೑ି௙ି∆௭൰మ቉ۙۘ

ۗ
 

௥௘௖௘௜௩௘௥ିߚ ሺݔሻ ൌ ሻݔ௦௛௜௙௧ሺߜ െ sinିଵ ۔ە
ۓ ௗଶ·ඨቈሺ௫ି∆௫ሻమା൬ ೣమర·೑ି௙ି∆௭൰మ቉ۙۘ

ۗ
 

(11-12) 

Here, ߜ௦௛௜௙௧ሺݔሻ is the shifted angle for the center of the 
receiver due to position errors expressed in the vector’s 
operation as:  

ሻݔ௦௛௜௙௧ሺߜ ൌ  ሺݒ௢ሬሬሬԦ  ൈ ݒ௡ሬሬሬሬԦሻ௬หሺݒ௢ሬሬሬԦ  ൈ ݒ௡ሬሬሬሬԦሻ௬ห · cosିଵ ቆ ௢ሬሬሬԦݒ  · |௢ሬሬሬԦݒ|௡ሬሬሬሬԦݒ   ·  ௡ሬሬሬሬԦ|ቇ, (13)ݒ |

where 

Ԧ௢ݒ ൌ ൭ ݖ0ݔ െ ݂൱;   ݒԦ௡ ൌ ൭ ݔ െ ݖ0ݔ∆ െ ݂ െ  ൱. (14-15)ݖ∆

The plane T1 and T2 are tangent to the receiver surface. 
Then, the normal vectors to the planes T1 and T2 are: 

ሬ݊Ԧୄ்ଵ ൌ ቎cosሺ߱ ൅ ௥௘௖௘௜௩௘௥ାߚ ሻ0sinሺ߱ ൅ ௥௘௖௘௜௩௘௥ାߚ ሻ቏ ; (16) 

ሬ݊Ԧୄ்ଶ ൌ ൥cos ሺ߱ ൅ ௥௘௖௘௜௩௘௥ିߚ ሻ0sin ሺ߱ ൅ ௥௘௖௘௜௩௘௥ିߚ ሻ൩. (17) 

Thus, the equations of the two planes are: 

ଵܶ : cosሺ߱ ൅ ௥௘௖௘௜௩௘௥ାߚ ሻ Ԣݔ ൅ sinሺ߱ ൅ ௥௘௖௘௜௩௘௥ାߚ ሻݖԢൌ 0 
(18) 

ଶܶ : cosሺ߱ ൅ ௥௘௖௘௜௩௘௥ିߚ ሻ Ԣݔ ൅ sinሺ߱ ൅ ௥௘௖௘௜௩௘௥ିߚ ሻ Ԣൌݖ 0 
(19) 

IV. Determination of the acceptance angles under non-zero 
incidence angle 

The acceptance angles for point P are the angles between 
the vector r’ and the two vectors L1 and L2, which are two 
intersections ܴԢ ځ ଵܶ and ܴԢ ځ ଶܶ. To calculate the vector L1, 
first:  

ଵܮ ൌ ܴᇱ ሩ ଵܶ ൌ ቐ ݊ୄ்ଵሺ1ሻݔᇱ ൅ ݊ୄ்ଵሺ3ሻݖᇱ ൌ ᇱݔᇱୄሺ1ሻݎ;0 ൅ ᇱݖᇱୄሺ3ሻݎ ൌ െݎᇱୄሺ2ሻݕᇱ. (20) 

The above system is solved to obtain the following solution 
of L1:  

۔ۖۖەۖۖ
ଵതതതݔۓ ൌ ฬ 0 ݊ୄ்ଵሺ3ሻെݎᇱୄሺ2ሻݕᇱ ᇱୄሺ3ሻݎ ฬ݀݁ܣݐ ଵതതതݕ; ൌ                                      ;ᇱݕ

ଵഥݖ ൌ ฬ݊ୄ்ଵሺ1ሻ ݔᇱୄሺ1ሻݎ0 െݎᇱୄሺ2ሻݕᇱฬ݀݁ܣݐ .
 

 

(21) 

Here, y’ has to be chosen in order to keep ݖଵഥ ൐ 0 because 
the vector L1 aligns in the positive z’ direction (towards the 
receiver). A similar procedure can be used for the equation 
of L2. 

At last, the new acceptance angles are:  ߚଷ஽ା ൌ cosିଵ ቀ ሺ௫భതതതത,௬భതതതത,௭భതതതሻ· ࢘ᇲ|ሺ௫భതതതത,௬భതതതത,௭భതതതሻ|· |࢘ᇲ|ቁ; (22) 

ଷ஽ିߚ ൌ cosିଵ ቀ ሺ௫మതതതത,௬మതതതത,௭మതതതሻ· ࢘ᇲ|ሺ௫మതതതത,௬మതതതത,௭మതതതሻ|· |࢘ᇲ|ቁ. (23) 

4. CODE EXTENSION AND VALIDATION 

The above algorithm has been implemented in the existing 
suite of FirstOPTIC code in MATLAB. FirstOPTIC can 
now calculate the intercept factor of a trough collector under 
varying incidence angles; the slope errors may be specified 
with respect to both transversal and longitudinal planes as 
direct laboratory measurements. It is optional to take into 
account the end losses and spacing between collector 
elements. 

To validate the developed code and test its capability, a 
series of optical error scenarios shown in TABLE 1 were 
created for a LS2 trough collector geometry (focal length ݂ ൌ 1.49 ݉, aperture width ݓ ൌ 5.0 ݉, receiver diameter ݀ ൌ 0.07 ݉, collector length ݈ ൌ 7.9 ݉). For simplicity, 
zero mean values were assumed for all errors given by a 
probability distribution and tracking error is neglected. The 
sun shape is assumed to be either a simple point source, a 
Gaussian distribution, or a CSR10 measurement by 
Neumann et al. [5]. 
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TABLE 1: TEST CASES USING THE LS2 TROUGH COLLECTOR 

           Optics 
 
Scenario 

Sun Shape Mirror Specularity Slope  Error 
Receiver 

Position Error 
Incidence 

Angle 
End 

Losses 

I 
Gaussian: 

σ = 2.5 mrad 
Gaussian: 
σ = 6 mrad 

None None 30º Yes 

II Point source None 
௫ߝ ൌ ௬ߝ 0 ൌ 20  None 60º No ݀ܽݎ݉

III Point source None None 
dx = 40 mm; 
dz = 50 mm. 

60º No 

IV 
Gaussian: 

σ = 2.5 mrad 
Gaussian: 
σ = 6 mrad 

௫ߝ ൌ 6.8 ௬ߝ ݀ܽݎ݉ ൌ 4  ݀ܽݎ݉
dx = 20 mm; 
dz = 30 mm. 

30º No 

V CSR10 
Gaussian: 
σ = 6 mrad 

Data set: 
σ(ߝ௫) = σ(ߝ௬)  = 

5.5 mrad

dx = 20 mm; 
dz = 30 mm. 

60º No 

For comparison, SolTrace [6], a Monte-Carlo ray-tracing 
tool originally developed for solar applications by NREL, is 
used to perform ray-tracing simulations for all test cases. 
For cases II and III, numerical results can also be readily 
derived from basic geometrical considerations: when the sun 
is assumed to be a point emitting source, the intercept factor 
can be determined directly by comparing the angular 
deviation of the reflected ray due to slope error with the 
acceptance angle limits of the receiver. Fig. 4 exhibits this 
simple procedure for case II, in which only longitudinal 
slope error is present. The angular deviation for reflected 
sun rays is plotted as a function of x along the collector 
aperture; the acceptance angle window is plotted as well. By 
comparing the two sets of angular data, a reflected sun ray 
will be intercepted by the receiver if its angular deviation 
falls into the acceptance angle window; it would miss the 
receiver otherwise. The collector intercept factor can then be 
readily calculated by integrating over the aperture. A similar 
procedure can be applied to case III. 

 
Fig. 4: Theoretical derivation of the local intercept factor for 
scenario II. 

In TABLE 2, the intercept factors for the various cases 
listed in TABLE 1 are summarized for FirstOPTIC, the 

SolTrace (1 million sun rays were used for each case), and 
the numerical approach when possible. The results show 
excellent agreement between the three different approaches 
and validate the FirstOPTIC for non-zero incidence angles. 

TABLE 2: INTERCEPT FACTOR FOR DIFFERENT 
METHODS 

Method 
 
Scenario

FirstOPTIC SolTrace Numerical 

I 0.8541 0.8574 -
II 0.3574 0.3572 0.3573
III 0.4026 0.4026 0.4020
IV 0.7370 0.7403 -
V 0.5795 0.5816 -

5. CONCLUSIONS 

FirstOPTIC [3] has been successfully extended to account 
for the 3-D effects of parabolic trough collectors and 
calculate the intercept factor for non-zero incidence angles. 
The new approach has been carefully benchmarked against 
ray-tracing results and numerical solutions (if available) 
with excellent agreement. 

The analytical nature of the developed method allows fast 
evaluation of trough collector optical performance under 
varying incidence angles. In the future, FirstOPTIC is 
expected to conduct analysis on the 3-D effects of trough 
collectors, which would lead to a deep understanding of the 
optical performance of a trough collector under varying 
incidence angles and facilitate new collector designs and 
associated optical analysis. 
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