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BALANCING POWER ABSORPTION AND STRUCTURAL LOADING FOR AN
ASYMMETRIC HEAVE WAVE-ENERGY CONVERTER IN REGULAR WAVES

Nathan M. Tom*

National Wind Technology Center
Golden, Colorado, 80401
Email: nathan.tom@nrel.gov

ABSTRACT

The aim of this paper is to maximize the power-to-load ratio
of the Berkeley Wedge: a one-degree-of-freedom, asymmetrical,
energy-capturing, floating breakwater of high performance that
is relatively free of viscosity effects. Linear hydrodynamic the-
ory was used to calculate bounds on the expected time-averaged
power (TAP) and corresponding surge restraining force, pitch
restraining torque, and power take-off (PTO) control force when
assuming that the heave motion of the wave energy converter
remains sinusoidal. This particular device was documented to
be an almost-perfect absorber if one-degree-of-freedom motion
is maintained. The success of such or similar future wave en-
ergy converter technologies would require the development of
control strategies that can adapt device performance to maxi-
mize energy generation in operational conditions while mitigat-
ing hydrodynamic loads in extreme waves to reduce the struc-
tural mass and overall cost. This paper formulates the optimal
control problem to incorporate metrics that provide a measure
of the surge restraining force, pitch restraining torque, and PTO
control force. The optimizer must now handle an objective func-
tion with competing terms in an attempt to maximize power cap-
ture while minimizing structural and actuator loads. A penalty
weight is placed on the surge restraining force, pitch restraining
torque, and PTO actuation force, thereby allowing the control fo-

*Address all correspondence to this author.

TPh.D candidate UC Berkeley, major field Ocean Engineering.

Director, Marine Mechanics Laboratory (MML), University of California at
Berkeley.

Farshad Madhi'

National Renewable Energy Laboratory University of California at Berkeley

Department of Mechanical Engineering Department of Mechanical Engineering
Berkeley, California, 94720
Email: madhi@berkeley.edu

1

Ronald W. Yeung?#
University of California at Berkeley

Berkeley, California, 94720
Email: rwyeung@berkeley.edu

cus to be placed either on power absorption or load mitigation.
Thus, in achieving these goals, a per-unit gain in TAP would not
lead to a greater per-unit demand in structural strength, hence
vielding a favorable benefit-to-cost ratio. Demonstrative results
in the form of TAP, reactive TAP, and the amplitudes of the surge
restraining force, pitch restraining torque, and PTO control force
are shown for the Berkeley Wedge example.

INTRODUCTION

The Berkeley Wedge [1] is an asymmetric wave energy con-
verter (WEC) and breakwater. It consists of an asymmetric
floater, a power take-off (PTO) system, and a support structure.
The particular shape of the floater, depicted in Fig. 1, was de-
signed to experience minimal effects from viscosity in heave mo-
tion. The mounting structure limits the motion of the floater to
heave only. The PTO system implemented in the design is a lin-
ear permanent magnet generator (LPMG) [2] . When the damp-
ing of the LPMG is matched with the heave radiation damping of
the floater at resonance, there will be almost no radiated or trans-
mitted waves and almost all of the incident wave energy will be
absorbed by the damping of the LPMG. The Berkeley Wedge
can be used near shore to provide electricity for local communi-
ties and act as a breakwater (concurrently) to protect the harbor
with very minimal environmental impact. It can also be attached
to offshore structures and floating platforms to provide electric-
ity and protect the structure. In a recent study [3], the particu-
lar asymmetric shape of the Berkeley Wedge was implemented
in a coaxial wave energy converter (consisting of a fixed inner
cylinder and moving outer cylinder) to reduce the viscous effects
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on the heave motion of the outer cylinder. The straight-side of
the inner cylinder mimics the backside of the two-dimensional
Berkeley Wedge and its special shape has minimal viscous ef-
fects. The experimental testing revealed that the shape of the
Berkeley Wedge reduced the viscous damping on the heave dis-
placement of the outer cylinder by 70%, resulting in an increase
in the heave displacement of the outer cylinder by more than
300%.

The success of such or similar future WEC technologies
will require the development of control strategies that can adapt
device performance to maximize energy generation in opera-
tional conditions while mitigating hydrodynamic loads in ex-
treme waves to reduce the structural mass and overall cost [4].
Balancing these objectives offers an interesting design and con-
trol challenge. For example, they are in contrast to previous
works that solved the optimal control problem when focused
solely on maximizing the time-averaged power (TAP). The ap-
plication of state-constrained optimization [5, 6] to WEC control
has gained significant traction recently as it provides the abil-
ity to include linear and nonlinear constraints. This optimization
has been pursued using calculus of variations [5], model predic-
tive control [7-9], and pseudo-spectral methods [10-12]. If the
PTO and structural loads are not considered, the optimum WEC
trajectory follows that of complex conjugate control [13], which
is known to require a substantial amount of reactive power when
moving away from the resonance frequency. Suboptimal strate-
gies that eliminate reactive power, notably latching [14] and de-
clutching [15], have been proposed, yet still do not include a load
metric in the optimization. It can be expected that as the con-
troller works to maximize the absorbed mechanical energy, the
growth rate in structural loads may exceed the growth in TAP. To
address this concern, this work incorporates the restraining loads
in the objective function of the optimization routine. As a result,
the optimizer must now balance the opposing contributions in an
attempt to obtain the largest power-to-load ratio.

This paper begins by describing the Berkeley Wedge device
concept. This is followed by construction of the heave time-
domain equation of motion to provide the preliminaries for ex-
tension into its spectral representation. The upper and lower
bounds on the TAP, surge-restraining force, pitch-restraining
torque, and PTO actuator force are calculated while assuming
that the WEC motion was constrained but remains sinusoidal.
The upper bound was calculated assuming an optimum phase
between the heave wave-exciting force and heave velocity while
the lower bound assumes that the PTO system consists only of
a linear resistive damper, and in both cases the PTO force coef-
ficients are constant and continuous throughout the wave cycle.
Next, pseudo-spectral control theory is reviewed followed by in-
corporating the surge-restraining force, pitch-restraining torque,
and PTO actuator force into the optimization problem. A penalty
weight is placed on the contributions to the objective function
from the restraining and PTO loads to allow the desired perfor-
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Table 1.  GEOMETRIC VALUES OF THE BERKELEY WEDGE.

Water Depth, /2, 1.5 m
Beam, b, 0.212 m

Draft, d, 0.7 m
Area, S, 0.0677 m>

Center of Gravity, x,, -0.0848 m | Resonance, Ty, 1.25 s

mance to be achieved. The effect of including the restraining
loads on balancing power absorption and load shedding is first
explored by varying the penalty weight magnitudes and compar-
ing against the known performance bounds. The time history of
WEC motion and PTO control force are presented to illustrate
how per-unit increases in TAP can exceed the per-unit increase
in restraining and PTO loads while having a minimal reactive
power requirement.

THE BERKELEY WEDGE

The Berkeley Wedge shape was designed to experience the
smallest effect from viscosity when encountering incident waves
and in motion. The motion of the floater (shown in Fig. 1) is re-
stricted to heave only. The physical dimensions of the asymmet-
ric floater were chosen to fit the model testing facility at the Uni-
versity of California at Berkeley. A detailed theoretical and ex-
perimental study [1] confirmed the effectiveness of the design in
reducing the viscous effect on the motion of the device, thereby
capturing almost all of the incident wave energy and providing a
calm water surface leeward of the asymmetric floater.

In this study, the authors examined the Berkeley Wedge with
the physical dimensions given in Table 1. The particular shape
of the floater (Fig. 1) can be obtained from:

Z(7)=0.05926(5+1)%+3.88147(5+1)>—2.94074(5+1)* (1)

In Eqn. (1), £ = .#(¥) is a shaping function, and ¥ = x/b and
¥ = y/d are nondimensional scales. In this equation, y can be
shifted to obtain different drafts. The hydrodynamics coeffi-
cients for the asymmetric floater were obtained from the two-
dimensional (2D) potential-flow code RWYADMXA [16] and
shown in nondimensional form in Fig. 2. The resonance fre-
quency, as reported in Table 1, is the frequency of maximum
motion in regular-wave excitation. The natural frequency is the
frequency of oscillation with an initial displacement or impulsive
velocity. The two are close but not identical, primarily because
the hydrodynamic coefficients are frequency dependent [17].

TIME-DOMAIN-HEAVE EQUATION OF MOTION

The one-degree-of-freedom time-domain-heave equation of
motion is given by:

ma (t) = for () + fra2 (t) + fi () + fu () + fou (£)

where ¢ is time, m is the mass of the WEC, E;z is the heave acceler-
ation, f,; is the wave-exciting heave force caused by the incident

@
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Figure 1. 2D SHAPE OF THE BERKELEY WEDGE WITH THE BEAM
(b) =0.212 m AND DRAFT (d) = 0.7 m.

waves, f22 is the wave radiation force caused by heave motion,
fn is the hydrostatic restoring force, f; is the drag force caused
by viscous effects, and f,, is the mechanical force applied by the
PTO system.

The heave hydrostatic restoring force is given by:

fh (t) = —C22C2 (l‘), with Cpy = pgb (3)

where p is the fluid density, g is the gravitational acceleration,
b is the device beam length at the calm water line, and {, is the
time-varying heave displacement.

The linear hydrodynamic wave-radiation heave force will be
represented in the time domain using the Cummins equation [18]
and is written as follows:

falt) = =2 ()G (1) = [ K (=DGa(®)de &)

where ) (o) is the heave-added mass at infinite frequency,
and K9, is the heave radiation impulse response function, also
known as the memory function because it represents the wave

'6 = o\/b/g, I = un/pb?, A = An/pb’c, Xa = Xa/pgb,

02/m, 2 = pi2/pb?, ko = hio/pb?, X1 = Xi/pgb, 61 = ¢1/m, [z =
us2/pb3, hsy =32 /pbPo, X3 = X3/pgh*, §3 =03/

3
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Figure 2. NONDIMENSIONAL 2D HYDRODYNAMIC RADIATION AND
WAVE-EXCITING COEFFICIENTS!.

radiation memory effect caused by past WEC motions. The re-
lations between the time- and frequency-domain radiation coef-
ficients were derived in [19]:

K (t) = %/7\,22 (G) Ccos (GZ‘) do (®)]
0
K (1) = —%/G[MZ (6) —u22(e0)]sin(ct)do  (6)

0

where pp; (0) and Ay (G) are the frequency-dependent hydrody-
namic radiation coefficients commonly known as the added mass
and wave radiation damping.

The wave-exciting heave force can be written in the time
domain as follows:

forlt) = / Ko (1 — 1)1 (1) d )

This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications.
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where K, is the heave wave-excitation kernel, which is non-
causal, and n is the wave elevation. The relationship between
the time- and frequency-domain excitation coefficients is given
by:
L
- / R {X (6)} cos (or) — 3 {X2 (o)} sin (or)] do (8)
0
where X, is the frequency-dependent complex wave-exciting
heave-force coefficient, R is the real component, and 3 is the

imaginary component.
The drag force is represented by either of the following:

-\, a
F1(0) = {_ 182 (1)

xanZ (t) ‘CZ (I)‘
where A,; is the linear-drag coefficient caused by the presence
of viscosity, and A, is the quadratic-drag coefficient, assuming
they are not negligible. The final one-degree-of-freedom heave
equation of motion can now be written as:

€))

Mo (1)
— / K (t — ’C) éz (’C) drt

+/Kez(t—r)n(r

where the linear form of the drag force has been used.

(m+ 12 (20)) & (1) = —Coala (1) —

)dt+ fu(t) (10)

Regular Wave Analysis

It is common practice to begin analysis under regular wave
excitation in which the incident wave elevation is described by:

B 199,
n(x,1) —%{—gg

} =R {Ae"(m’k") } = Acos (ot — kx)
(1D

where 1 is the wave elevation, ¢; is the incident wave potential,
A is the wave amplitude, ¢ is the wave angular frequency, k is
the wave number, and i = \/—1 is the imaginary unit. The time-
harmonic heave response is then given by:

_ m{é—;zeicjt}

where &; is the complex amplitude of heave displacement.
Under regular wave excitation, the radiation-convolution in-
tegral can be simplified to:

froa (1) = =R { [—Gz,uzz (0) + iohn] E2e }

z=h

12)

13)
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The wave-excitation-convolution integral can be written as:
iot
f e2 e }

For the time being, the mechanical force from the PTO sys-
tem will be described by the following:

I () = =R{(C,

where C, is the linear PTO-restoring coefficient, By is the PTO
linear-damping coefficient, and u, is the additional PTO iner-
tia. The frequency-domain expressions can be inserted into
Eqn. (10), leading to the heave-displacement response amplitude
operator:

& _ X
A [Cx—0%(m+pun)+Cy —0%ug) 4 ic [An + By

=R {AX: (o (14)

— 0% +i6By) 2 } (15)

(16)

where A,; has been set to zero since results as [1] saw minimal
effects from viscosity.

PTO Absorbed Power The TAP absorbed by the PTO
is calculated from:

2
2|52

I A7)

PT71
a2 =3B

Equation (16) can be inserted into Eqn. (17) to calculate the opti-
mal PTO damping at each wave frequency. The optimal, uncon-
strained, time-averaged absorbed power and PTO damping for
each wave frequency is given by:

Pr 1]X,|? 1
Pri _1 18
A? P 4 7\’22 Cyn+C, 7(52(m+/122+l~l ) : ( )
1+ 1+( £ s £ )
Cor+ Cy — 62 (m+ iz + 1) \ 2
Bg|p=7»22\/1+( ¥ G o mtim ’“’g)> (19)
GA22

where at resonance By, = A2, leading to the maximum time-
averaged absorbed power [20]. Because these expressions do not
consider motion constraints, it may be necessary to increase the
PTO damping to remain under a given limit. The required PTO
damping is given by:

Bl — ( AlXo| >2
c =
s G|§2|max

|2t
(&)

5y 1/2
G(m+uzz+ug)}} -2 (20)

where |3 |imqy 18 the maximum amplitude of heave displacement
[21].
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To provide a measure of efficiency for a given device, the
TAP contained within a propagating wave must be known. The
time-averaged wave power per-unit width, P,, can be obtained
from:

1 1 ; 2kh
P, = —pgA’V, = —pgA?, /S tanhkh |1+ ——— | (21
v o PR = g PeAT [ tan [ +sinh2kh} @

where V, is the wave group velocity, and 4 is the water depth.

Maximum Power Under Constrained Motion The
maximum power absorption under motion constraints, while as-
suming sinusoidal motion, was explored in [22], which led to the
following expression:

% —1@[1_11(1_5)(1—5)2]

me 8 A 22

where H(x) is the Heaviside step function, and & is the ratio be-
tween the constrained-to-optimal heave velocity given by:

_ G|§2|max 27\/22
A (X

5 (23)

Equation (22) can be expanded to show the trends in time-
averaged absorbed power for the ranges of &:

142 2
A% X217 /A o>1
Pﬂmc_{S ol e

(24)
%A|X2|G|§2|max_7\42262|§2|%nax 5<1

The capture width, defined as the ratio between the TAP absorbed
by the PTO and the incident wave power per-unit width, is a met-
ric used to evaluate the absorption efficiency of the device. The
incident wave power is proportional to the incident wave ampli-
tude squared, see Eqn. (21). For unconstrained motion, which
may also correspond to a very small incident wave amplitude,
the capture width will be invariant to the incident wave height;
whereas for a strongly constrained motion, which may also corre-
spond to a very large incident wave amplitude, the capture width
will be inversely proportional to the incident wave height and be-
come less efficient.

The associated PTO linear-damping coefficient to observe
the motion constraint is given by:

Bg|mc = 7‘22 [1 +@H(l _8)]

_ 7\,22 o>1
B Al —A»n O6<1

G‘éZ‘max

(25)

where the PTO spring and inertia coefficients cancel the dynamic
force contribution from the natural body-restoring coefficient,

5

mass, and hydrodynamic added mass:

C,— Gz,ug =— [sz -0’ (m +,uzzﬂ (26)
which is the basis of complex conjugate control [13]. Often in
power quality management it is desirable to have the peak-to-
average power ratio as close as possible to eliminate the need for
advanced signal conditioning. Under complex conjugate control
the peak-to-average power ratio, P+, is given by [21,23]:

Cyn —c? 2
Pizli\/l—i—[ 2= 0" (m+ )
0B,

27)

When there is no reactive power, X, = oy, —C, /6 =0, the peak-
to-average power ratio is 2 and the instantaneous power oscil-
lates between 0 and 2Pr. The reactive component is eliminated
at the resonance frequency of the isolated floating body and the
peak-to-average power ratio is minimized at 2; however, when
away from the resonant frequency, the peak-to-average power
ratio quickly increases, resulting in large swings in the bidirec-
tional energy flow.

Foundation Reaction Force and Moment

The structural foundation must handle the reaction force and
torque needed to restrain the WEC to heave motion. The reaction
force and torque in surge, X,1, and pitch, X,3, are given by:

A (X1 +X1) = [—0%un +ichi] &
AX3+X3) = [—(52 (xgm +um)+ i(57\,32} &

(28)
(29)

where X; and X3 are the complex surge wave-exciting force and
pitch wave-exciting torque coefficients per unit wave amplitude,
ui2 is the surge-heave added mass, and A, is the surge-heave
wave radiation damping, u3, is the pitch-heave added mass, A3
is the pitch-heave wave radiation damping, and x, is the hori-
zontal center of gravity. The surge and pitch foundation reaction
force and torque are affected by the heave motion of the WEC,
which can be controlled by the PTO. The time-domain corollary
of Eqns. (28) and (29) is given by:

fa) == [ Kat =@ ds+pm (=)&)

+ / K-t @dt  (30)

130 == [ Kat=om@)de+ (sgm-+ 2 () T2 (1)

+ / Kan(-1&@dt (D
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Results from Fixed-PTO Coefficients

Maximizing the TAP, as described in previous sections, in-
volves the PTO coefficients to be fixed in time although adapted
for a given wave amplitude and angular frequency. Performance
bounds can be set for the TAP, surge-restraining force amplitude,
pitch-restraining torque amplitude, and PTO control force ampli-
tude, which have been plotted in Fig. 3. A benefit of the current
design can be observed in the bottom plot of Fig. 3, where the
heave amplitude and phase required for elimination of the surge-
restraining force and pitch-restraining torque are presented. The
surge and pitch components require a very similar amplitude and
phase for elimination, which will lead to a reduction in both if
only one contribution is heavily penalized in the controller. It is
expected that time-varying PTO coefficients can help optimize
the time-averaged absorbed power while reducing loads, lead-
ing to device performance that sits between the maximum con-
strained and passive curves.

PSEUDO-SPECTRAL CONTROL

The discretization of the control problem is completed by
approximating the heave velocity and PTO force with a linear
combination of basis functions [11,24]. The heave velocity, éz,
and PTO force, f,, are approximated by a zero-mean truncated
Fourier series with N terms:

' N/2
L)~ Y, W cos (joot) +Wjsin (joor) = @ (1) ¥ (32)
=1
N/2
fu (t) = Y 75 cos (joot) + Tsin (joor) = P (1)%
=1

(33)

where

T T
ﬁ/z{qﬁ,qﬁ,...,wﬁ%,qﬁ%] ,%:[Tﬁ,r{,...,ré,ﬁ%} (34)
D(t) = [01(1),02(t),...,0n-1 (1), 0n (7)] (35)

. N . (N
cos (oot) ,sin (Gt ) , .. . ,COS 500t | ,sin | = Got

with the fundamental frequency given by 6o = 2n/T and T is
the chosen time duration. The heave equation of motion can be
described as follows:

Myy=1+é (36)

where é, is the Fourier coefficient vector of the heave wave-
exciting force. The matrix Ma; € RV*V is block diagonal with
the following structure:

A2 (joo) a(joo)
—o(joo) A2z (joo)

. (joo) = joo (m+p2 (joo)) — C22/ (joo)

M, = for j=1,2,...,N/2

(37)
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Figure 3. PERFORMANCE BOUNDS UNDER A HEAVE-
DISPLACEMENT AMPLITUDE CONSTRAINT OF 0.1 M AND A

WAVE AMPLITUDE OF 0.02 M. THE SUBSCRIPT , DENOTES
PASSIVE PERFORMANCE AS GIVEN BY EQNS. (17)—(20). THE SUB-
SCRIPT ,;, DENOTES MAXIMUM CONSTRAINED PERFORMANCE
AS GIVEN BY EQNS. (22)—(26). THE SUBSCRIPT ,, DENOTES
THE NATURAL HEAVE MOTION (NO PTO), WHEREAS , = 0 AND
£, = 0 DENOTE HEAVE MOTION REQUIRED TO ELIMINATE THE
SURGE-RESTRAINING FORCE AND PITCH-RESTRAINING TORQUE.
THE NONDIMENSIONAL FORCE AND TORQUE VALUES ARE GIVEN

BY: fiu = fin/PgbA, fr1 = fr1/PgbA, AND fi3 = f,3/pgh’A.
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The heave velocity coefficients can then be determined explicitly
from the control and heave wave-exciting force Fourier coeffi-
cients. This representation allows the total absorbed energy, E,
to be written as:

T . T .
E:—/0 G0 fu(1)dr =~ 7%
=2 [ ) e ) e )

which is in the form of a traditional quadratic problem.
Penalty Terms

Surge Foundation Force Load reduction will consist
of limiting the forces on the WEC structure that are required to
maintain the heave-only constraint. This force has two contri-
butions that arise from the surge wave-exciting force and WEC
motion. The equation for the surge foundation force can be writ-
ten in a matrix form, similar to Eqn. (36), as follows:

D (1) fr1 = =P (1) &1 4 12 (o) TP+ P (1) (G1a — 12 (0) T)
fr1 = —é1+ G = —&1 + G1aMy't + G1aMs,' é, (39

where & is the Fourier coefficients of the surge wave-exciting
force, G2 and I" are block matrices given in Appendix A and
Eqn. (36) has been substituted in the last expression. To main-
tain the convexity of the quadratic problem, the squared ¢2-norm
of the surge-foundation force vector was added to the objective
function. The objective function is given by:

T, ~ T o+ A

WP = [ FA@ T (0 fdi =2 fi
T
2
R T 1a
—&! (Mzzl) G1T2G12M221'C)

A _ A 1\ T 1] 4
~Y (2 [eirGlezzl — e;— (Mzzl) GirzGlezzl} T

(40)

where 7y is a penalty weight applied to the surge foundation
force. In the final expression for the surge-foundation force con-
tribution, there are three constant terms independent of the PTO
control force, which are left out of the optimization. See [12] for
the full expression.

Pitch Foundation Torque Similar to the surge-
restraining force, the pitch-restraining torque has two contribu-
tions that arise from the pitch wave-exciting torque and WEC
motion. The matrix form of the pitch-restraining torque can be
written as:
where &3 represents the Fourier coefficients of the pitch wave-
exciting torque. As with the surge-restraining force, the squared
¢*>-norm of the pitch-restraining torque vector was added to the

7

objective function. The pitch foundation torque measure is given
by:

Blfsl = v /()TfrT3¢(f)Tq>(f)fr3dt = gfgfﬁ
T
2

7 (M3)" GRGaMy't)

N — N N T 1] ~
~ Y (2 {e; G32M221 — e; (Mzzl) G;2G32M221} T

(42)

where Y3 is a penalty weight applied to the pitch foundation
torque.

PTO Control Force Magnitude The PTO force is the
only control actuation, and in an effort to reduce computational
time and force spikes, a penalty weight was placed on the squared
£2-norm of the PTO force magnitude [7]:

r T
Bultal® = [ Buta(t)enl0)d = 33 Bulvt  (43)
where B, is a penalty weight associated with the control force
magnitude, and Iy is the identity matrix of size N.

Final Objective Function The objective function will
be the sum of the time-averaged absorbed power, the squared £2-
norm of the surge-restraining force, pitch-restraining torque, and
control force magnitude. The four contributions to the objective
function are not of the same units, and the interrelationship be-
tween them is complex. Therefore, the final objective function
will consist of the following nondimensional quantities:

2
+Bm

2

2
fr3

E frl
RSy

J==
P 1 pgia

Jm
pgbA

(44)

PSEUDO-SPECTRAL RESULTS

As a result of the physical restrictions of the model-testing
facility at the University of California at Berkeley [1], only
model-scale waves were used for analysis; however, Froude scal-
ing can be used to estimate device performance at the prototype
level. The work presented in the paper was focused on confirma-
tion of the controller concept and validation of the analysis.

Effect of Penalty Terms

Figure 4 verifies that the pseudo-spectral controller is
achieving the desired results when considering the extremes of
the tested penalty weights. As the control force penalty weight,
B, is increased the magnitude of the PTO control force and
reactive power is reduced. As shown for the lowest values
of v, and B,,, the highest TAP is achieved; however, a larger
reactive power component is required. Whereas for the largest
values of y; and B,,, reduction in the surge-restraining force and
pitch-restraining torque is counterbalanced by an increase in
the PTO control force. The increase in PTO force is a result of
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the amplitude and phase difference between the unforced (no
PTO) and zero surge-restraining force heave motion (refer to the
bottom plot of Fig. 3). It can be observed that both above and
below the resonance frequency the unforced heave amplitude
of motion is lower than what is required for elimination of the
surge-restraining force. As more emphasis is placed on reducing
the surge-restraining force, greater control forces and reactive
power are required, which implies that complete elimination of
the restraining loads may not be desirable.

In Fig. 4, the region bounded by B,, > 0.8 and y; < 0.4 is
the most favorable as the capture efficiency can be increased
between 20%—-80% with a reactive power contribution compris-
ing only 1/10th of the TAP. Furthermore, the surge-restraining
force (fy1), pitch-restraining torque (f;3), and PTO control
force can be reduced between 10%-30% with respect to the
passive values; however, it is evident that the contours will
vary depending on the incident wave frequency and most likely
on the heave amplitude constraint. The left column of Fig. 4
plots a set of results for a wave frequency below resonance. In
this frequency range the contours follow nearly straight lines
when viewing the y; and B,, space. Here the greatest difference
in the heave motion amplitude and phase occurs, requiring a
proportionate increase in the PTO control force to decrease
restraining loads. Just below resonance the TAP curve decreases
slower than above resonance; however, a greater control effort
will be needed to reduce restraining loads. These contour
plots provide a clear design space that can be used to optimize
power production, decrease structural loads, or achieve many
combinations in between.

Time History of WEC and PTO

Figure 5 plots the time history of the four points marked in
the plots along the right column of Fig. 4. In region 1 the maxi-
mum power absorption is nearly recovered, in region 2 there is
roughly a 50% reduction for all performance metrics compared
to maximum absorption, in region 3 the surge-restraining force
is prioritized at the expense of larger PTO forces and reactive
power, and in region 4 the controller attempts to maximize
TAP with reduced PTO forces at the expense of larger restraint
loads. As the penalty weights are reduced, the PTO control
force moves the heave velocity closer in phase with the heave
wave-exciting force. This phase shift is accompanied by the
greatest amplitudes in PTO control force, surge-restraining force
and pitch-restraining torque, but not reactive power. Marker 3
has the greatest reactive power requirement as the amplitude of
motion to eliminate the surge-restraining force is greater than
the maximum constrained heave profile. As the surge-restraint
and PTO force penalty weights are increased, the controller
will first maintain a near optimum phase while reducing the
amplitude of motion; however, eventually a greater phase shift
is introduced by the controller to eliminate a greater proportion

9

of the surge-foundation force; refer to Eqn. (28). Further
reduction in the restraint loads will then see an increase in the
heave amplitude of motion and a corresponding increase in
PTO control force and reactive power. The larger reduction in
restraint loads and PTO force can be achieved because of the
ability of the controller to induce a phase shift in the heave
velocity at the expense of bidirectional energy flow, which can
be greatly affected by PTO efficiency [25].

CONCLUSIONS

In this paper, we describe how pseudo-spectral optimal
control was used to optimize the performance of a novel
WEC/breakwater, the Berkeley Wedge. The analysis revealed
that the power capture efficiency increases by 50% for lower fre-
quencies (6 < 0.74) compared to results obtained from a passive
PTO with a constant linear damper. For frequencies greater than
G > 0.74, a capture efficiency of unity can be achieved; however,
as the wave frequency moves away from resonance a greater re-
active power component is required. Though the maximum cap-
ture efficiency is lower below resonance, the surge-restraining
force and pitch-restraining torque are also lower, in the range of
0.5 <6 <0.7, for the maximum constrained heave motion than
the passive. Thus, when operating slightly below the resonance
frequency with a PTO that allows for bidirectional energy flow,
lower restraint forces and torques will be observed, thereby lead-
ing to favorable power-to-load ratios. The magnitude and phase
of heave motion required to cancel the surge-restraining force
and pitch-restraining torque were calculated to show that greater
PTO control forces and reactive power is required for achieving
such performance.

The pseudo-spectral optimal control problem was improved
by including the squared ¢>-norm of the surge-restraining force,
pitch-restraining torque, and PTO actuator force in the objective
function. The optimizer performance was found to be adjustable
based on the values chosen for the separate penalty weights
placed on the three load contributions; however, it was found that
because of WEC dynamics reducing either the surge-restraint
force or pitch-restraint torque would lead to a reduction in the
other. Thus, penalizing one of the contributions in the objective
function was sufficient to explore the power-to-load ratios. Two
incident wave periods above and below the resonance frequency,
with a wave amplitude of 0.02 m and maximum allowable heave
displacement of 0.1 m, were used to analyze the pseudo-spectral
controller. When the penalty weights y; — 0 and 3, — 0, max-
imum power capture was recovered with minimal reduction in
system loads. The case of y; — e and B,;, — e would signifi-
cantly reduce restraint loads; however, at the expense of greater
PTO forces and reactive power requirements. If the penalty
weights are kept with the range of B, > 0.8 and v, < 0.4, an
increase in capture efficiency of 20% to 80% is obtainable with
the reactive power comprising no more than 1/10th of the TAP.

This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications.
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A HEAVE-DISPLACEMENT AMPLITUDE LIMIT OF 0.1 M WAS USED WHILE THE NUMBER OF FOURIER COEFFICIENTS WAS SET AT N = 100.
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In the same region, where the surge-restraining force and pitch-
restraining torque were reduced between 20%—-30% with little to
no increase in PTO force. This work has highlighted some of
the issues that arise when WEC control focuses solely on maxi-
mizing power absorption as it is accompanied by proportionately
greater structural and PTO loads that lead to a higher levelized
cost of energy. In the future, pursuit of moderate gains in TAP
from control strategies may be more favorable as the increase in
power absorption may outpace the growth in structural loads.
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A Matrix Expressions

The time-derivative matrix, I' € RV*¥ | is block diagonal
with the following block structure:

0 joo

J = [_J.GO 0 (45)

] for j=1,2,...,N/2

Using a change of variables, the surge-pitch radiation convolu-
tion integral can be represented in matrix form as follows:

fria(t) = / K (t—1)& (1) dr

=®(1) (G2 —pi2(2) )Y  (46)

This report is available at no cost from the National Renewable Energy Laboratory (NREL) at www.nrel.gov/publications.



where G, € RV*V is block diagonal with the following struc-
ture:

M2(joo)  ouiz(joo)

G, =
1277 | —jooui2 (joo) M2 (joo)

for j=1,2,...,N/2 (47)
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