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Three-Phase AC Optimal Power Flow Based
Distribution Locational Marginal Price

Rui Yang, Member, IEEE, and Yingchen Zhang, Senior Member, IEEE

Abstract—Designing market mechanisms for electricity distri-
bution systems has been a hot topic due to the increased presence
of smart loads and distributed energy resources in distribution
systems. The distribution locational marginal pricing (DLMP)
methodology is one of the real-time pricing methods to enable
such market mechanisms and provide economic incentives to
active market participants. Determining the DLMP is challenging
due to high power losses, voltage volatility, and the phase
imbalance in distribution systems. Existing DC optimal power
flow (OPF) approaches are unable to model power losses and
the reactive power, and single-phase AC OPF methods cannot
capture the phase imbalance. To address these challenges, in this
paper, a three-phase AC OPF based approach is developed to
define and calculate the DLMP accurately. The DLMP is modeled
as the marginal cost to serve an incremental unit of demand at
a specific phase at a certain bus and is calculated using the
Lagrange multipliers in the three-phase AC OPF formulation.
Extensive case studies have been conducted to understand the
impact of system losses and the phase imbalance on DLMPs as
well as the potential benefits of flexible resources.

I. INTRODUCTION

Today’s distribution systems have been experiencing a sig-

nificant transformation due to an increasing amount of smart

electric loads and distributed energy resources (DERs), such as

electric vehicles, smart home appliances, rooftop photovoltaic

systems, and energy storage. As more smart, flexible resources

participate in distribution system operations, a market-based

approach is necessary to manage future distribution systems

efficiently and economically [1]. The distribution locational

marginal price (DLMP) is a key component to enable power

distribution markets and provide economic incentives to mar-

ket participants.

The locational marginal price (LMP) represents the marginal

cost to serve one incremental unit of demand at a specific

location in electric power networks [2]–[4]. Traditionally, in

transmission systems, LMP is technically calculated approx-

imately by solving the direct current optimal power flow

(DC OPF) problem [2], [3]. However, in distribution systems,

power losses are usually high due to high R/X ratio. In

addition, reactive power modeling is needed as the voltage

volatility is high. The DC OPF approach is unable to capture

power losses and the reactive power in distribution systems.

Therefore, it is unsuitable to be used to calculate the DLMP.

On the other hand, the single-phase alternating current op-

timal power flow (AC OPF) problem for the balanced system

The authors are with the National Renewable Energy Laboratory, Golden,
CO 80401 USA (e-mail: rui.yang@nrel.gov; yingchen.zhang@nrel.gov). This
work was supported by the U.S. Department of Energy under Contract No.
DE-AC36-08GO28308 with the National Renewable Energy Laboratory.

has also been proposed to calculate DLMPs [1], [5], [6]. For

instance, a distribution system market mechanism based on

convexification of single-phase AC OPF has been proposed

in [1] to consider the voltage regulation and power losses.

Another recent work [6] proposes to calculate the DLMP

by approximating the single-phase AC OPF using linearized

modeling of reactive power and power loss components. How-

ever, in many cases the distribution feeder configurations are

untransposed, and the loads are unbalanced. Setting a uniform

price for all three phases at the same bus does not provide

the right incentives when large phase imbalance presents.

Although the single-phase AC OPF approach is able to model

the reactive power and power losses more accurately than the

DC OPF approach, it does not consider the power imbalance

among the three phases, which has a significant impact in

distribution systems [7].

Therefore, the existing DC OPF and single-phase AC OPF

approaches could not accurately model the key characteristics

of distribution systems, and consequently the DLMPs derived

based on these approaches may not be accurate enough to

fully incentivize the market participation of flexible resources.

In this paper, a three-phase AC OPF problem is developed

to define and calculate DLMPs. The three-phase AC OPF

problem optimizes the active and the reactive power simul-

taneously while taking into account the unbalanced nature

of distribution systems accurately. This full-blown AC OPF

approach provides a solid foundation to systematically derive,

understand, and analyze DLMPs.

In this paper, a three-phase unbalanced AC OPF model of

the power distribution networks is first built. Based on the

three-phase AC OPF formulation, the DLMP is defined as

the marginal cost to serve an incremental unit of demand

at a specific phase at a certain bus. Hence, the DLMP can

be derived and calculated using the Lagrange multipliers

associated with the corresponding per-phase power balance

constraints. Extensive case studies have been conducted to

understand how the system losses and the phase imbalance

impact the DLMPs and the potential benefits flexible resources

may bring.

The rest of the paper is organized as follows: The three-

phase modeling of distribution systems is first introduced

in Section II. In Section III, the developed three-phase AC

OPF problem is presented, followed by the derivation of the

DLMPs. The case study results on a real distribution system

are given in Section IV. Finally, Section V concludes the paper

and discusses future research directions and open questions.
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II. DISTRIBUTION SYSTEM MODELING

In this section, the three-phase models of the distribution

system components are first explained, and then the distribu-

tion AC power flow equations are derived.

For a branch connecting buses i and j in the distribution

system, let Pij ⊆ {aij , bij , cij} denote the set of phases to

which this branch is connected and Iij , Iji represent the

vectors of line currents I
φ
ij from bus i to j and I

φ
ji from j

to i in all phases φ ∈ Pij . The branch currents can be written

as [8]:

[

Iij
Iji

]

= Y BR
ij ·

[

Vi

Vj

]

=

[

Y ii
ij Y

ij
ij

Y
ji
ij Y

jj
ij

]

·

[

Vi

Vj

]

(1)

where Vi and Vj are the vectors of voltages at buses i and j in

all phases. The matrix Y BR
ij is the branch admittance matrix

which maps the voltages at both ends to the branch currents.

The branch admittance matrix can be used to model the

series components, such as distribution lines and transformers.

For a distribution line connecting buses i and j, the standard

π-model is employed here [7] with matrices Zl,ij and Ys,ij

representing the series impedance and the shunt admittance

matrices of this line, respectively. The branch admittance

matrix of branch ij is as follows:

Y BR
ij =

[

Z−1

l,ij +
1

2
Ys,ij −Z−1

l,ij

−Z−1

l,ij Z−1

l,ij +
1

2
Ys,ij

]

(2)

For transformers, based on the connection type and pa-

rameters of both the primary and secondary sides, branch

admittance matrices can also be determined accordingly [8].

With the branch components modeled using the branch

admittance matrices, the branch current Iij is:

Iij = Y ii
ij · Vi + Y

ij
ij · Vj (3)

The total current flowing out of bus i in phase φ is:

I
φ
i =

∑

j∈Ni

(

Y ii
ij · Vi + Y

ij
ij · Vj

)

{φ}
(4)

where Ni is the set of buses which are connected to bus i.

Therefore, the complex power balance equation at bus i

phase φ can be expressed as:

V
φ
i ·

(

I
φ
i

)∗
= P

φ
G,i − P

φ
L,i + j

(

Q
φ
G,i −Q

φ
L,i

)

(5)

where P
φ
G,i, Q

φ
G,i are the active and reactive power generation

and P
φ
L,i, Q

φ
L,i the active and reactive demand at bus i phase

φ.

In this paper, only the single-phase and three-phase wye-

connected generators and loads are considered, whose power

generation/consumption in each phase can be modeled inde-

pendently. Further investigation is needed to integrate delta-

connected generators and loads into the considered three-phase

AC OPF problem.

III. DLMP FORMULATION

The LMP at a certain location represents the incremental

cost to supply an extra unit of load at this location. Tradition-

ally, the DC OPF problem is used to determine the LMPs

in the transmission level. In order to accurately determine

the DLMPs, the unique characteristics of distribution systems

should be modeled by employing the three-phase AC OPF

problem. The formulation of the considered three-phase AC

OPF problem is as follows:

min
P

φ

G,k

∑

k∈NG

∑

φ∈PG,k

Ci(P
φ
G,k) (6)

s.t. P
φ
G,i − P

φ
L,i = ℜ{V φ

i ·
(

I
φ
i

)∗
} (7)

Q
φ
G,i −Q

φ
L,i = ℑ{V φ

i ·
(

I
φ
i

)∗
} (8)

P
φ
G,k ≤ P

φ
G,k ≤ P

φ

G,k (9)

Qφ

G,k
≤ Q

φ
G,k ≤ Q

φ

G,k (10)

−P
φ

ij ≤ P
φ
ij ≤ P

φ

ij (11)

V
φ
i ≤ |V φ

i | ≤ V
φ

i (12)

where NG denotes the set of buses which have generators

connected and PG,k the set of phases to which the generator

at bus k is connected. ℜ{·} and ℑ{·} denote the real and the

imaginary parts of a complex number, respectively. P
φ
G,k and

Q
φ
G,k represent the active and reactive power output of the

generator at bus k phase φ, P
φ
G,k, P

φ

G,k the corresponding

lower and upper limits of the active power generation, and

Qφ

G,k
, Q

φ

G,k the lower and upper limits of the reactive power

generation. P
φ
ij corresponds to the active power flow in branch

ij phase φ with P
φ

ij as its upper bound. |V φ
i | corresponds

to the voltage magnitude at bus i phase φ, and V
φ
i , V

φ

i the

associated lower and upper bounds.

In the considered AC OPF problem, the control variables

are the active and reactive power output of the generators.

Here, both the conventional generators such as diesel gen-

erators as well as distributed generators (DGs) such as smart

inverter connected distributed-generation photovoltaic systems

are considered. The objective function is to minimize the total

generation cost of the active power. The equality constraints

(7) and (8) correspond to the active and reactive power

balance equations at bus i phase φ, respectively. The inequality

constraints include the active and reactive power generation

limits (9) and (10) as well as the operational constraints on

line flows (11) and voltages (12). By solving the formulated

AC OPF problem, the optimal active and reactive generation

dispatch is determined such that the total generation cost of the

active power is minimized while all the operational constraints

are satisfied.

For simplicity, let u denote the vector of all control vari-

ables and x the vector of all state variables, including the

voltage magnitude and angle at every bus and phase. Define

h(x, u) ≤ 0 to represent the inequality constraints in (9)–(12).

The Lagrangian function of the formulated AC OPF problem
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can be written as:

L(x, u, λ, ν, µ) =
∑

k∈NG

∑

φ∈PG,k

Ci(P
φ
G,k)

−
∑

i∈N

∑

φ∈Pi

λ
φ
i ·

(

P
φ
G,i − P

φ
L,i −ℜ{V φ

i ·
(

I
φ
i

)∗
}
)

−
∑

i∈N

∑

φ∈Pi

ν
φ
i ·

(

Q
φ
G,i −Q

φ
L,i −ℑ{V φ

i ·
(

I
φ
i

)∗
}
)

+
∑

m∈H

µm · hm(x, u) (13)

where N represents the set of all buses in the system, Pi the

set of phases at bus i, and H the set of inequality constraints.

λ
φ
i and ν

φ
i are the Lagrange multipliers corresponding to the

active power balance equation (7) and the reactive power

balance equation (8) at bus i phase φ, respectively. µm is the

Lagrange multiplier associated with the inequality constraint

hm(x, u) ≤ 0.

In the following, DLMPs are derived using a similar ap-

proach as deriving the LMPs in the transmission system based

on the AC OPF problem [9].

Assume that the considered AC OPF problem has an optimal

solution (x∗, u∗). As the DLMP represents the marginal cost to

supply the next increment of load, the DLMP can be calculated

as:

DLMP
φ
i =

∂f

∂P
φ
L,i

∣

∣

∣

∣

x∗,u∗

=
∂L

∂P
φ
L,i

∣

∣

∣

∣

x∗,u∗

= λ
φ
i (14)

where f represents the objective function (6) of the AC

OPF problem. The DLMP at bus i phase φ is the Lagrange

multiplier λ
φ
i associated with the active power balance equa-

tion at this bus and phase, which represents the incremental

generation cost if the load at bus i phase φ increases by one

unit. Hence, by solving the three-phase AC OPF problem, the

resulting DLMPs could be different not only with respect to

different locations but also different phases. This is due to the

unbalanced nature of distribution systems.

In this paper, the cost of reactive power generation is

not explicitly considered in the objective function. However,

by incorporating the operational constraints (12) of voltage

magnitudes in the formulated AC OPF problem, the impact of

the reactive power and voltages on DLMPs has already been

considered implicitly.

IV. CASE STUDY

The case study of the three-phase AC OPF based DLMPs

has been conducted on a 60-bus system based on a real campus

grid. In this section, the test system is first presented, followed

by the detailed analysis of the three-phase AC OPF based

DLMPs under two different cases.

A. Simulation Setup

The campus distribution grid of the University of Denver

(DU) is used as the test system in this paper. The system

topology is shown in Fig. 1 [10]. The campus grid is connected

to the utility grid at buses 1, 38, and 51; and the other 57

buses represent the buildings on campus. Due to the lack of

1

2

3
4

34

35

36

37

32

33

20

21

22

23

24

25

26

27

28

29

30

31

16

17

18

19

50

49

48

47

38

39
40

41

42

43

45

44

60

15

14

11

12

13

9

10

6

7

8

46

58

57

56

55

54

53

52

51

59

5

Fig. 1. DU campus grid-based 60-bus test system.

TABLE I
SUMMARY OF UNBALANCED LOAD DATA

Phase No P (kW) P (%) Q (kVar) Q (%)
A 26 708.9594 37.94 288.0956 44.81
B 17 541.7142 28.99 157.8817 24.55

C 20 618.0264 33.07 197.0224 30.64
Total 57 1868.7 100 643 100

information about the campus grid parameters, some typical

line parameters from IEEE test feeders are used in the DU

system. Synthetic load data from some real utility systems

has been used to create a realistic unbalanced load profile

for the test system, with the total active and reactive power

consumption as 1868.7 kW and 643 kVar, respectively. The

unbalanced load data is depicted in Fig. 2, and the summary

of the per-phase load is provided in Table I. The column

‘No’ gives the number of loads which are connected to each

phase, columns ‘P (kW)’ and ‘P (%)’ represent the total

active power consumption of each phase and the percentage

of the per-phase active power consumption corresponding to

the total active power consumption, while ‘Q (kVar)’ and

‘Q (%)’ represent the corresponding information of the per-

phase reactive power consumption. There are three three-phase

wye-connected loads in the system, while the rest are single-

phase loads. In the considered load scenario, phase A has

the largest total demand, while phase B has the smallest. The

lower and upper limits for the voltage magnitudes are 0.95 p.u.

and 1.05 p.u., respectively. In the considered load scenario, no

operational constraints of line flows, voltage magnitudes, and

reactive power generation limits are binding.
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Fig. 2. Unbalanced load data of the test system.
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Fig. 3. DLMPs in Case 1.

TABLE II
GENERATION RESULTS IN CASE 1

Bus
A B C

Gen. DLMP Gen. DLMP Gen. DLMP
(kW) ($/kWh) (kW) ($/kWh) (kW) ($/kWh)

1 250 0.2036 183.4010 0.2 250 0.2014
38 250 0.2047 203.4780 0.2 250 0.2005
51 216.0532 0.2 157.7956 0.2 124.9190 0.2

B. Case 1: Conventional Generators

The first case considered in this paper uses three conven-

tional generators to represent the connection of the campus

grid to the utility grid, i.e., the three-phase wye-connected

conventional generators at buses 1, 38, and 51. Each con-

ventional generator would like to sell active power at a price

of $0.2/kWh up to 250 kW per phase. Hence, the objective

function of the formulated AC OPF problem is a linear

function of the generation output, which is bounded by [0,

250 kW] per phase. By solving the formulated three-phase AC

OPF problem, the optimal generation dispatch and DLMPs are

determined. Table II shows the optimal active power output

and the price received of each generator. Fig. 3 illustrates

the DLMPs in the system. At a glance, we can conclude

that the DLMPs at different buses and different phases vary

significantly, which are able to create locational incentives for

DERs.

As shown in Table II, since the generator at bus 51 is

not producing at its maximum capacity in all three phases,

it will be able to supply the next increment of load in any

phase at this bus by increasing the generation output in the

same phase accordingly. Consequently, the DLMPs at this bus

in all three phases are the same as the marginal generation

cost of the generator at this bus, which is $0.2/kWh. The

other two generators at buses 1 and 38 are producing at their

maximum capacities in phases A and C. Hence, if the load

at these two buses in phases A and C slightly increases, the

generation output at the corresponding bus and phase could not

be increased to accommodate any additional demand, resulting

in higher DLMPs at these two buses in phases A and C than

the marginal generation cost of generators.

DLMPs as depicted in Fig. 3 are different across the whole

system at different buses and different phases due to the power

losses and unbalanced system parameters and loads. Phase

A has the largest active power consumption compared to the

other two phases, and the active power losses are also larger

in phase A than the losses in the other two phases. The total
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Fig. 4. DLMPs in Case 2.

active power losses in phases A, B, and C are 7.0938 kW,

2.9603 kW, and 6.8926 kW, respectively. Consequently, the

DLMPs in phase A are larger than the DLMPs in phases B

and C. Especially, the DLMPs at buses 20 to 31 in phase

A are significantly larger than the DLMPs in the rest of the

system. The reason for that lies in the system structure and the

determined optimal generation output. The lateral from buses

20 to 31 has significantly higher active power consumption

than that in phases B and C and is directly connected to the

generator at bus 1 through bus 2 while weakly connected to

generators at buses 38 and 51 through the slightly meshed

system. If the active power demand in this lateral in phase A

slightly increases, the most cost-effective way to supply the

additional demand is increasing the power generation at bus 1

phase A. However, the generation output at bus 1 phase A has

already reached its limit. Hence, the power generation at other

buses and phases needs to be increased, rendering higher active

power losses and thereby larger DLMPs. If a DG is installed

in this lateral, it will be able to reduce the active power losses

by supplying the demand at nearby buses, resulting in lower

DLMPs in this lateral, which will be demonstrated in Case 2.

Since phase B has the lowest load, the DLMPs in phase B

are closer to the marginal generation cost of the generators,

i.e., $0.2/kWh. An interesting observation is that the DLMPs

in phase C are higher than those in phase B in most parts of

the system with exception at buses 52 to 59. In general, the

phase C active power consumption is larger than the phase B

consumption in most parts of the system, resulting in higher

DLMPs in phase C. However, at buses 52 to 59, the active

power demand in phase B is larger than that in phase C,

leading to larger active power losses and larger DLMPs.

C. Case 2: Conventional Generators + DGs

In Case 2, three additional DGs (three-phase wye-

connected) are added at buses 25, 36, and 42, each of which

would like to sell active power at a price of $0.04/kWh up to

6 kW per phase. The optimal generation dispatch by solving

the three-phase AC OPF problem is summarized in Table III,

and the DLMPs in the system are depicted in Fig. 4.

With three additional DGs in the system which have much

lower bid prices than those of conventional generators, all three

DGs are dispatched to generate active power at their maximum

capacities in every phase. As a result, the generation output

4
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TABLE III
GENERATION RESULTS IN CASE 2

Bus
A B C

Gen. DLMP Gen. DLMP Gen. DLMP
(kW) ($/kWh) (kW) ($/kWh) (kW) ($/kWh)

1 250 0.2028 177.0610 0.2 250 0.2007
38 250 0.2039 196.2287 0.2 245.5294 0.2
51 197.4412 0.2 153.1246 0.2 110.8578 0.2
25 6 0.2101 6 0.2025 6 0.2054
36 6 0.2072 6 0.2025 6 0.2069
42 6 0.2052 6 0.2019 6 0.2023

of three conventional generators is reduced. In particular, the

generator at bus 38 is no longer producing at its maximum

capacity in phase C, hence the DLMP at bus 38 phase C is

reduced to $0.2/kWh, which equals the marginal generation

cost of the conventional generator at this bus.

Compared to Case 1 without any DG in the system, the

total active power losses in phases A, B, and C are reduced

to 6.4817 kW, 2.7002 kW, and 6.3608 kW, respectively, as

a result of DGs being able to supply part of the demand

within their local areas. Therefore, the DLMPs in Case 2

are smaller than or equal to the DLMPs in Case 1 at every

bus and phase. Significant reductions in DLMPs are seen in

the lateral from buses 20 to 31 in phase A, in which the

DLMPs are the highest throughout the whole system. The

reason for that is the DG at bus 25 supplies some demand in

the lateral and consequently reduces the active power losses.

This demonstrates the potential benefits which DGs may bring

in distribution systems.

As phase imbalance of system parameters and loads leads

to the phase difference of DLMPs, the DLMP at bus 40 phase

C shown in Fig. 4 is an interesting example demonstrating

how the system imbalance would impact the DLMPs. The

DLMP at bus 40 phase C is $0.1995/kWh, which is even

lower than the marginal generation cost of the conventional

generators–$0.2/kWh. Since the DGs are already generating

at their maximum capacities in all three phases, if the load

slightly increases at bus 40 phase C, the generation output from

conventional generators needs to be increased to accommodate

the additional demand. The DLMP at bus 40 phase C lower

than $0.2/kWh indicates that less increase in the generation

output than the increase in the load is needed. For instance,

if the active power consumption at bus 40 phase C increases

by 0.01 kW, the increased active power generation from the

conventional generators is less than 0.01 kW, which is caused

by the extreme phase imbalance of the voltage magnitudes at

bus 40. If the load in phase C increases, the phase imbalance

of voltage magnitudes at bus 40 would be reduced, resulting

in less active power losses and less increase in the generation

output.

In summary, as shown in the cases without and with DGs in

the system, the three-phase AC OPF based DLMPs are differ-

ent with respect to different locations and different phases due

to the distribution system losses and phase imbalance. Hence,

AC OPF based DLMPs represent not only the locational

benefits but also the phase benefits that DERs or demand

response may bring, which will be essential to support a

distribution-level marketplace.

V. CONCLUSION AND FUTURE WORK

In this paper, a three-phase AC OPF based approach is

developed to define and calculate DLMPs. By formulating the

three-phase AC OPF problem, DLMPs are derived using the

Lagrange multipliers of the corresponding per-phase power

balance constraints. As shown in the case studies, three-phase

AC OPF based DLMPs can be different at different locations

and phases due to the phase imbalance and power losses.

We also demonstrate from the case studies that potential

market participants in distribution systems can benefit from

the DLMP-based markets while driving down the cost of the

entire distribution system.
Future research directions include: First, we need to study

how market mechanisms can be established using the three-

phase AC OPF based DLMP to provide the right incentives.

Open questions remain on how employing such DLMPs leads

to more efficient power delivery in distribution systems. On

the other hand, how market participants react to such three-

phase AC OPF based DLMPs and how they make optimal

decisions also need to be further investigated.
Secondly, the impact of the reactive power on DLMPs

has not yet been well understood. We need to study how

voltage constraints contribute to DLMPs and how reactive

power components interact with the phase imbalance and

system losses. Further case studies are needed to quantify the

significance of each component in DLMPs.
Finally, efficient computational approaches to calculate and

approximate DLMPs are needed to bring DLMPs to practice.

While the three-phase AC OPF provides a comprehensive and

accurate model of distribution systems, solving such problems

in large-scale systems is computationally intensive. Therefore,

we need to develop computationally efficient methods to

calculate DLMPs.
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