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A QCQP Approach for OPF in Multiphase Radial
Networks with Wye and Delta Connections

Ahmed S. Zamzam*, Changhong Zhao!, Emiliano Dall’Anese’, and Nicholas D. Sidiropoulos*
* Department of Electrical and Computer Engineering, University of Minnesota, Minneapolis, MN 55455
t National Renewable Energy Laboratory, Golden, CO 80401

Abstract—This paper examines the AC Optimal Power Flow
(OPF) problem for multiphase distribution networks featuring re-
newable energy resources (RESs). We start by outlining a power
flow model for radial multiphase systems that accommodates
wye-connected and delta-connected RESs and non-controllable
energy assets. We then formalize an AC OPF problem that ac-
counts for both types of connections. Similar to various AC OPF
renditions, the resultant problem is a nonconvex quadratically-
constrained quadratic program. However, the so-called Feasible
Point Pursuit - Successive Convex Approximation algorithm is
leveraged to obtain a feasible and locally-optimal solution. The
merits of the proposed solution approach are demonstrated using
two unbalanced multiphase distribution feeders with both wye
and delta connections.

I. INTRODUCTION

The AC optimal power flow (OPF) problem aims at op-
timizing the operation of a power system based on speci-
fied performance and operational objectives, while abiding
to physical constraints and engineering limits [1]], [2]. The
cost function can capture a variety of performance objectives,
including (but not limited to) the minimization of power losses
over the network, generation cost from traditional fossil-fuel
units [3[], and power curtailment from renewable sources of
energy [4]. Maximization of customer benefits from ancillary-
service provisioning [5], [6] is also considered in a number
of OPF formulations for distribution systems [4], [7]]-[9]. The
AC OPF problem has been the fundamental problem in power
systems since it was introduced in 1962 [1]]. Unfortunately,
the nonlinearity of the AC power-flow equations renders the
OPF problem nonconvex and NP-hard in its general form [3]],
[10].

This paper focuses on unbalanced multiphase distribution
networks with renewable energy resources (RESs). A power
flow model for radial multiphase systems that accommo-
dates wye-connected and delta-connected distributed energy
resources is first outlined. Then, an AC OPF problem that
accounts for both types of connections as well as pertinent
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operational constraints (e.g., voltage constraints) is outlined.
The problem formulation is further manipulated in order to
restate the AC OPF in an equivalent nonconvex quadratically-
constrained quadratic program (QCQP) form. With this refor-
mulation in place, the proposed solution methodology lever-
ages the so-called Feasible Point Pursuit Successive Con-
vex Approximation (FPP-SCA) algorithm for nonconvex QC-
QPs [11]. The FPP-SCA replaces the nonconvex constraints
by inner convex surrogates around a specific point to construct
a convex restriction of the original problem. Such restriction
may lead to infeasibility, even if the original problem is feasi-
ble. A key principle behind FPP-SCA is to allow a controllable
amount of constraint violations to enable the algorithm to
make progress towards feasibility in its initial stages. In this
paper, FPP-SCA is empirically shown to be very effective in
solving the AC OPF for radial multiphase systems with both
wye and delta connections, and with a variety of operational
objectives. The proposed approach considerably broadens our
previous contribution [12]] by considering systems with both
wye and delta connections.

Several approaches have been previously used to handle
OPF problems for distribution networks [[13[]-[18]. For exam-
ple, in [13]], a convex relaxation approach was used to handle
the problem based on the well-known semidefinite relaxation.
However, the model used accounts only for balanced wye-
connected loads. Further, feasible solutions may be found only
under certain problem formulations [16]. As a generalization
of semidefinite relaxation, moment relaxation methods [19]],
[20] were proposed, where moments of higher orders were also
considered using the Lassarre Hierarchy. Although shown to
be tighter than semidefinite relaxation, there is no known upper
limit on the moment order required to approach the optimal
solution, and the problem becomes practically intractable for
large scale networks or a relatively high moment order.

Relative to prior works, the methodology proposed here
can handle both wye and delta connections, and it inherits
the merits of [[12] in providing an effective way to identify a
feasible and locally-optimal solution for a variety of objective
functions for the RESs in the OPF formulation.

This paper is organized as follows. The network model is
outlined in Section II and the QCQP formulation of the AC
OPF problem is presented in Section III. Then, the FPP-SCA-
based algorithm is described in Section IV. Section V provides
numerical results and Section VI concludes the paper.

This report is available at no cost from the National Renewable Energy Laboratory at www.nrel.gov/publications.



II. MULTIPHASE RADIAL NETWORK MODEL

Notation. Let R, C, and N denote the set of real, complex,
and (positive) natural numbers, respectively. For n € N, let
H™*™ denote the space of all n-by-n Hermitian matrices.
For a scalar, vector, or matrix A, let AT, A*, and A¥
denote its transpose, element-wise conjugate, and conjugate
transpose, respectively. For an index set S, let Ag denote the
set {As| s € S}, where the subscript S is omitted when its
meaning is clear from the context.

A. Power flow model

Consider a radial multiphase distribution network with
nodes collected in the set N'= {0,1,...,n}. Let O represent
the substation or the point of common coupling, and define
NT:= N\ {0}. Let £ denote the set of lines connecting the
buses. In particular, each line connects an ordered pair (I, m)
of buses, where bus [ lies between bus 0 and bus m. We use
(I,m) € £ and | — m interchangeably, and denote [ ~ m if
either [ — m or m — [. In addition, let R C N T represent a
set that collects the buses with RESs.

For simplicity of notation and exposition, assume that all the
buses k € N and lines (I,m) € £ have three phases a, b, c,
and define the sets ® := {a,b,c} and @A := {ab,bec,ca}.
However, the proposed approach can be straightforwardly
applied to distribution networks that feature a mix of three-
phase, two-phase, and single-phase nodes. Let v¢ denote the
complex voltage phasor at bus k € A/ and ¢ € ®, and let vy
be a column vector that collects the complex voltages at all
the phases for node k, i.e., vj := [vf, 027 vf]. Similarly, let
the vector I, collect the complex current that flows in the
line (I,m) € & for all phases in ®. Let y, € C3*3 denote
the shunt admittance at bus k, and denote as z;,, € C3*3 the
series impedance of line [ ~ m.

Without loss of generality, assume that every bus k € A
has three wye-connected net loads (one on each phase, with
grounded neutral) and three delta-connected net loads (one
across each pair of phases, ungrounded). Define the complex
vector sg“ L € C3 to be a vector that collects the wye-
connected loads at bus k € N for all phases. In a similar
way, define S(A) L € C3 to be a complex column vector that
collects the delta-connected loads at bus k& € A. Notice
that both wye and delta connection may be present at the
same node of the network model when different distribution
transformers with either delta and/or wye primary connections
are bundled together for network reduction purposes (e.g.,
when two transformers are connected through a short low-
impedance distribution line). Based on prevailing ambient
conditions, let the maximum available active powers for the
wye-connected RESs at phases ¢ € ® of node k£ € R
be collected in a column vector pg,,i € R3. Also, let the
apparent powers injected by these RESs be collected in a
vector sy = pgf']l + qu{, ,)g Similarly, let p( ) € R3
and s(AR}C € C3 be the corresponding vectors for the delta-
connected sources at bus k. Let sy i, 1= [s¢ ., sY ko SY. W

L
) - o)

) denote the net wye-connected loads at bus k.

2

o ab be ca (L) (R)
Also, let sAk = [5A7k, SA ks SA’,@] = SxL — SAk

In g o= I8, 1%, 15" denote the power consumptions
and currents of delta-connected net loads at bus k, respectively.
If neither loads nor (sources) are present at a particular phase
for a particular ty e of connection, then the corresponding
element of sg{Li SY > s(ALgc, or S(AR,)C is set to zero.

Voltages and line currents abide by Ohm’s Law, which

yields:

and

Vi —Vy = ZhnIlma Vvl — m. (1)

In addition, the power flow equations for the delta-connected
loads at bus k can be expressed as

(v — vR)(IR%))"
SA K = (v — v,‘é)([&c’k)* , VkeN. 2)
(v — v (I%)"
Power balance at bus & € A/ then implies that:
up(1)° BT o)
S2 | | = D0 [okUR) |+ |ekhve) | +sv
ik |V (I5)" Jik—g ”Z(Ik]) Uk (Wi ve)”
v (IR0, — I3%)*
VR, — A 3)
V(IR — 1K)

Recalling that the network is assumed to have a tree tolopogy,
the left-hand-side of (3) represents the power received by bus
k from the rest of the network through the distribution line
(i,k) € £. On the other hand, the first term on the right-hand-
side represents the power transferred to the network through
line (k, j) € &; the second term accounts for the power drawn
to the ground at every phase through the shunt element; the
third term represents the apparent power absorbed/generated
by the wye-connected loads at the bus; and, the last term
represents delta-connected net loads. Notice that the power
flow equations and have quadratic terms; using these
equations within an optimization task leads to nonconvex
problem formulations.

III. QCQP FORMULATION OF OPTIMAL POWER FLOW

A. Optimal power flow problem

Let p;oss denote the active power loss in the network, which
is given by

DR~

ped

DPloss =

2

keN+

STR{G L+ DD R{sk )

PeD pedA
4)

where Pg’ denotes the active power drawn from the transmis-
sion system on phase ¢ at the substation. The second term
in represents the net actlve ower consumption at node
k. Also, let p(A?k : pA ) — A ) € R? denote the active
power curtailed at the delta-connected RESs. Similarly, define
pg)k ﬁ%f’,)f — p%f’,i € R3 as the amount of active power
curtailed from the available active power at the wye-connected
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RESs at bus k. With these definitions in place, a formulation
of the AC OPF problem is given by:

OPF: min  Closs (Dioss) + 3 Cu(PY),PRy)  (5)
kER
over sg?,)c,s(AI?,)ﬁ,vk,Imk €eC® VkeN
L, €C® Vi—sm
st. (O-@)
sak=say—say VkeN (5b)
sy =5y — s\ VkeN (5¢)
vo = vit (5d)
v <ol <TY, VYkeNT, Voed (Se)
p{) <BY) VkeR (50
W <pW) VEER (52)

The power flow equations (I)-(3) impose physical constraints
to the OPF. The substation voltage is fixed and given as v
in (3d). Constraints on voltage magnitudes at all the other
buses are enforced by (5¢). Operational constraints on the
controllable RESs are enforced by (5f) and (5g). The cost
function in (5a) is composed of two terms: the first term is a
strongly convex quadratic cost that minimizes the active power
loss over the network; and, the second term is a strongly
convex function that penalizes the amount of active power
curtailed from the RESs. Constraints (3b)-(5¢) are imposed
on a per-node basis.

B. QCQP reformulation of OPF

To facilitate the application of the FPP-SCA algorithm to
the problem at hand, the AC OPF @) is restated next in an
equivalent QCQP form. To this end, define the vector x;,, :=
v I5,0T for all I — m, and xa g = [v{, 1% ,]" for all
k € N. Consider matrices E;; € R6%6 and El-j € R3*3 such
that their (7, j)-th element is one (1) and all the other elements
are zero (0). Then, (2) can be written as:

Xik (Es1 — Ea2) XAk
SAk = XZ;@ (Es2 — Es3)xak|, VkeN.
X} i (Ess — Eo1) Xak

(6)

In (@), the term vj:(I{;)* can be re-written as

arra \x __ H
v (Lg;)" = Xy Eaixy;.

*

In a similar way, the product v{(I%)
shown next:

can be expanded as

v (1)" = v (I5)" — (v —vp) (L5k)"
=07 (I§},)" — 25 L (133,)"
=x1} (Bq1 — 28 Bag — 280 Bas — 28 Eag) X

where 2% = [232, 280, 28] is the first row of the impedance

matrix z;;. Moreover, we have that

7 (yZ“’*Eu + yzb’*Ezl + yZC’*Egl) V.

Vil e Vi)™ = vy,

3

Additionally, for delta connected units, the term v (Igbk —
I, )* can be re-written as

UR(IR ) — IR%)" = xR 4 (Ba1 — Eg1) Xa k-

Following similar steps, quadratic expressions of all the other
elements in (3) can be obtained and, consequently, (3) can be
written as follows:

xH (Eq — 280 Eyy — 282 Eys — 28 Fa6) Xpi
Z xi (Esg — 20 Esy — 250 Ess — 250 Esg) X
ik | xft (Bos — 250 Foa — 250 Ees — 255 Ee6) Xki
xH Eqixp; ng (Ea1 — Ee1) XAk
= Z xp: EsoXpj | + xZ’k (Esa — Ex2)xa k| ()
k=i | Xy EesXj xX 1 (B3 — Es3) Xak

ka (yza’*En + ygb’*Em + yZC’*Em) Vi

H ba,* - bb,* 1= be,* 14
+syp+ | vy (Y, B2ty Eo+uy, Esz) vy

H
Vi

y,ﬁ“’*Elg + yzb’*E% + yzc’*E?,g Vi
for all k& € N, while the voltage magnitude constraints (3€])
admit the following equivalent formulation:

WD) < VI Euvi < (00)%, VEENT, Yoed.  (8)

Next, let the vector x,, € C3("+1) collect vy, for all k € N.
Similarly, let xo € C3("*1) be a vector that concatenates I
for all k € A and let x; € C3" stack I, for all (I,m) € &.
Define x as

T T

s T

X= [X’U7 XiH XA] . (9)
and consider the stacked vector of its real and imaginary
parts x := [Re(x)” Im(x)”]T; notice that x is a rwal vector

containing (18n + 12) elements. The quadratic functions (6)
and can be written as functions of x. Particularly, (/)
involves 6(n + 1) equations (involving real quantities) while
6(n + 1) equations are utilized to describe (6]

The OPF problem (3)) can then be written as the following
QCQP form:

min  Cioss(Pross) + Y C’k(p@k,pf?k) (10a)
kER
over x, {s{), s\\ bher
s.t. Ax=d (10b)
x"BS x = R{sX,} Voe®a,VEEN  (10c)
x'BY ,x =S{sX,} VoEPAVEEN  (10d)
x'BY,x=R{s5,} Ve VkeN  (10¢)
x"BY x = 3{s% ,} VoedVkeN (10f)
@)? < xTMx < (79)2 V¢ € B,Vk € N+ (10g)
Sak =Sap —Sag VkeN (10h)
Sy,k = s%fi — sg?,l Yk e N (101)
p{) <pY) VkeR (10j)
P} <PA) VEER (10k)
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where sz, Bﬁk B?k, and E@k are symmetric matrices
that represents the real and imaginary parts of equation (6)
and (]Z]), respectively, and their construction is explained in
the Appendix. Notice that the values of S(AR:’L for k ¢ R are
set to zero, and hence, they are not considered as optimization
variables. The matrix A and the vector d are constructed in a
way to rewrite the constraints (I) and (5d) in terms of x.

IV. FEASIBLE POINT PURSUIT ALGORITHM
A. Feasibility Phase

The FPP algorithm solves a sequence of inner-
approximations of the non-convex feasibility set. Since the
approximation point is not feasible, the inner-approximations
might be empty sets. Therefore, a non-negative common
slack variable is added to each approximated constraint in
order to ensure feasibility of the iterates, and the slack size
is minimized to approach feasibility. Once the slack variable
is zero, a feasible point has been found, and the procedure
continues to solve a sequence of restricted problems until
convergence. In the first phase, the inner-approximations are
construted as follows.

We begin with noticing that the constraint can be
written as two inequalities:

XTBZ,kX < %{SZ Kb
xT(_ng)x < _%{sgk}.

(11a)
(11b)

Since the matrix By, is indefinite, the constraints (TT1a)—(T1b)
are nonconvex. Constraint (TTa) can be further re-expressed
as

XTB(Z’F;)X + XTBZ"’(I;)X < %{szk} (12)

where Bi”,(,j ) and B‘Z”(kf ) are the positive semidefinite and the
negative semidefinite parts of the matrix BZ’ x> respectively.
For B‘Z’(k_ ), the following inequality holds:

(x — Z)TBXf,;)(X —2z)<0. (13)

Then, expanding the left hand side, the following inequality
can be obtained
XTBZ(,;)X < 2ZTB<Z7)(’C_)X — ZTBz’)(k,—)z. (14)
and a surrogate of the non-convex quadratic constraint (T1a)
reads
XTBZ’(,:)X—FQZTB(Z’(,;)X < ?)‘E{s‘zvk}—i—zTBi’(*)z—&—s (15)

where the nonnegative slack variable s is added to ensure
feasibility. Similarly, (TTB) can be replaced by
XT(—B(Z”(];))X—2ZTBZ’(J)X < —5}%{5‘27,6} —zTBiflj)z—&—s.
(16)
Not unlike (T0c), the constraint (T0d), (T0€), and (T01) are
also replaced by similar surrogates. Finally, the lower bound
in the constraint (T0g) is replaced by the convex restriction

2zT(—Mf)x < @)+ 2" (—~M)z + s. (17)

4

Let 2 denote the nonconvex set described by the con-
straints (TO)—(T0g). Similarly, let Q(z) denote the convex set
obtained by replacing the nonconvex constraints (T0c)—(T0g))
with the respective convex surrogates and adding the slack
variable s. The optimization problem to be solved at each
iteration of the algorithm can be then be formalized as follows:

OPF-F: min s (18a)
over s,X, {sg?,l, Sg;l}keR

st. Ax=d (18b)

(x,5) € U(z:) (18c)

Sap=Sa) —say VEEN  (18d)

Sy =8y, —sy) VEEN  (18e)

p(YI?])C < ﬁ%f,l VkeR (181)

p(:’,)c < ﬁf,l VkeR (18g)

The optimization problem (I8) can be cast as SOCP which
can be solved efficiently in polynomial time. Each problem
instance is feasible due to the positive slack variable. This
feasible point pursuit is tabulated as Algorithm [T}

Initialization: ser ¢ = 0, and choose z( to be the flat
voltage profile.
repeat
X;, $ < solution of (T8).
Ziy1 < X
141+ 1.
until s < €1 or HXz — Xi,1|| <€
Output: x¢ + x;

Algorithm 1: Feasible Point Pursuit Algorithm

B. Refinement Phase

Starting from a feasible point, the nonconvex feasible set is
replaced at each iteration by an inner convex approximation.
Similar to the feasibility phase, convex surrogates are formu-
lated as convex upper bounds for the nonconvex components
of the quadratic constraints. Accordingly, at each iteration, the
following problem is solved:

OPF-R: min  Closs(pross) + Y Cu(P{ ) Piay)  (19)
kER
over s=0,x, {Sg(R])ga S(ARl)c}kER

st. Ax=d ’ ’ (19b)

(x,5) € Q(z;) (19¢)

san =Sy —sa) VkeEN (19d)

sy =8y — sy VkeN (19e)

) <BlT) ke asp

P <Pa) VkER (19¢)
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Note that, since the starting point is feasible, the slack variable
s is not required. The sequence generated by the algorithm is
always feasible and the sequence of cost functions is non-
increasing. Algorithm [2] describes the steps of the refinement
phase.

Initialization: set i = 0, and zg = Xy .
repeat

x; < solution of (T9).

Zi1 < X

141+ 1.
until % < €9
Output: X, < X;

Algorithm 2: Successive Convex Approximation Algorithm

V. EXPERIMENTAL RESULTS

In this section, the efficacy of the proposed approach is
demonstrated using two radial distribution feeders featuring
both delta and wye connections. The proposed approach is
shown to be able to provide a solution that minimizes the sum
of the amount of power curtailed by the RESs and the power
losses in the network while respecting the physical constraints.

8

Fig. 1: IEEE 37-node test feeder.

In the first experiment, the IEEE 37-node test feeder shown
in Fig. [T is considered. Since this feeder features only delta-
connected loads, wye connections are added as described in
Table The cost function Ciyss(pross) is defined to be the
square of py,ss. Additionally, the cost function C’k(pgf’)k, p(Ac?k)
is defined to be the square of the amount of active power
curtailed at bus k. The amount of power injected by every
renewable source is shown in Table [l along with the amount
of power available from the RESs. At the optimal solution
using the FPP-SCA algorithm, the total power loss in the
network is 58.6 KW, while the total amount of curtailed
power at the renewables is 6.54 KW out of the 765.44 KW
available active power at the RESs. Fig. 2] shows that the
voltage profiles obtained using our proposed algorithm satisfy

5

Phase a | 4
Phase b
Phase c

1.05

Voltage Magnitude

Fig. 2: The optimal voltage profile (in pu) using FPP-SCA for IEEE
37-node test feeder.

—_—650
646 645 632 633 634
. . . g% .
75
611 684 671 692 675
N .

L

652

Fig. 3: IEEE 13-node test feeder.

680

the magnitude constraints; i.e., the obtained operational point
is indeed feasible (and optimal).

The IEEE 13-bus distribution network shown in Fig [3] is
utilized in the second test. In this network, there are five shunt
capacitor banks installed at different nodes that can provide
reactive power. These capacitors are modeled as a source that
can provide only reactive power up to the capacitor’s capacity.
Details about the loads and the capacitor capacities are listed
in Table[IV] A cost function that minimizes the power losses in
the network is used. The proposed approach was able to obtain
a feasible solution that minimized the considered cost function.
The injections from the capacitor along with the amount of of
power drawn from the substation are summarized in Table [[I}
The total power loss in the network in the solution is 37.52
KW. The voltage magnitudes at all the buses are depicted in
Fig. [ where it is clear that all the magnitudes lie within the
prescribed limits.

For comparison purposes, it is worth emphasizing that the
OpenDSS [21] software can provide flow solutions for the
considered distribution networks without distributed energy
sources, with maximum violation of the constraints in the
order of 10~°; in contrast, our algorithm is able to find feasible
solutions even for cases where renewable energy sources are
present, with accuracy in the order of 10712,

This report is available at no cost from the National Renewable Energy Laboratory at www.nrel.gov/publications.



1.02
—Phase a
——Phase b
Phase c
o 1.01
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Fig. 4: The optimal voltage profile (in pu) using FPP-SCA for IEEE
13-node test feeder.

VI. CONCLUSIONS

The paper considered an AC OPF problem radial multiphase
distribution networks with distributed energy sources. The
QCQP problem formulation accounts for wye- and delta-
connected generation units and loads and it was solved by
leveraging the FPP-SCA methodology. The FPP-SCA was
empirically shown to be very effective in solving the AC OPF
when the power curtailed from RESs is to be minimized —
a setup where competing solution methods based on convex
relaxation approaches may fail in identifying even a feasible
solution. To this end, two distribution feeders with both wye-
and delta-connected units were utilized.

TABLE I: Results of the proposed approach [kVA].

Power Injected

Node Phase a Phase b Phase ¢
799 701+4821 | 604.5+322.91 | 577.85+201.44i
713 0 0 33+16.51
718 33+16.41 0 0
724 0 66+33i 0
729 66+32.91 0 0
730 0 0 66+25i1
732 0 0 66+33i
734 0 0 33+16.51
737 66+33i 0 0
738 66+23i 0 0
741 0 0 33
740 0 0 66+0.51
736 0 66+33i 0
735 0 0 108.9+19.661

TABLE II: Results of the proposed approach in IEEE-13 feeder
[kVA].
Power Injected
Node Phase a Phase b Phase ¢
650 1228.4+584.151 | 967.9+4555.51 | 1307.4+571.4i
611 0 0 1001
675 2001 0.81 2001
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APPENDIX
CONSTRUCTION OF THE QUADRATIC MATRICES

The quadratic equality constraints (6) and (7) involve com-
plex voltages x,, and currents x; and xaA. As mentioned in
Section III-B, the complex voltage x is constructed by concate-
nating the three vectors. In order to write the constraints (6)
and (7) in the general form quadratic constraint X, we need to
construct quadratic matrices that represent the constraints. To
this end, sort the lines in the network according the index of
the receiving end of each line by a nondecreasing order. Note
that, due to the tree structure assumed on the network, each
bus except the substation appears only once as a receiving end.
Let us define some transformation matrices as follows.

Ty, = 03536 Isxs Osxzn-t) O3x3mt1) Osxan)
Tak = [03x3m+1) Osxsk Isxz Ozxsn—k) Osxan]”
Ti,, = [0sx6(n+1) Osx3(j—1) Isxs Ozxsm—j)”
Uar =[Ty, Ta,]

Uy, = [T, Ti,)]

Hence, the vectors xa j and xy,; are given by Ug xX and
Ugji, respectively. Accordingly, the equality (6) can be re-
written as

SaAb,k xAUA 1 (Es1 — Es2) Uz}ki
S| = ):(HUAJC (Es2 — Es3) Ug,k{c , VkeN.
SA K xHUp k. (Eg3 — Ee1) ngx o0

These three complex equalities can be written as six real
quadratic equations involving the complex vector X. Introduce
the Hermitian matrices YX i for all ¢ € P which are as
follows.

Y&, = %UA,k((EM — Eg) + (Bs — Es2)")UR
Y84 = 3-Usal(Ba - B) - (Bu - En)")UR,
Y, = S Usw((Fsz — Bsg) + (B2 — Fss) )UK,
Y5, = %UA,I@((EM — Es3) — (Es2 — Es3)")UR .
YR = %UA,k((Eﬁ?) — Eg1) + (Egs — Eg1)")UA .

~ 1
Yk = 5;Uan((Eos — Ee1) — (Fes — Ee1)")URA &
Then, the symmetric matrix BdA’ i for ¢ € P can defined as

RIYZ . —S{YR,)

) 21)
YR, RYR,)

¢ _
Bax=

Similarly, we construct E%elta’k as function YZ},C. Using
the matrices Uy; and T,,, one can follow the same steps
to construct the symmetric matrices B‘Q  and Bi’,k for all
ke N and ¢ € O.
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TABLE III: Load data for IEEE-37 distribution feeder [kVA].

Loads
Delta-connected Wye-connected Available power from RES
Node ab be ac Phase a | Phase b | Phase c Phase a | Phase b | Phase ¢
701 140+ 701 140 + 70i | 350 + 1751 0 0 0 0 0 0
702 0 0 0 0 0 0 0 0 0
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712 0 0 85 + 401 0 0 0 0 0 0
742 8+ 4i 85 + 401 0 0 0 0 0 0 0
713 0 0 85 + 401 0 0 0 0 0 33
704 0 0 0 0 0 0 0 0 0
714 17 + 81 21+ 101 0 0 0 0 0 0 0
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720 0 0 85 + 401 0 0 0 0 0 0
707 0 0 0 0 0 0 0 0 0
724 0 42 + 211 0 0 0 0 0 66 0
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706 0 0 0 0 0 0 0 0 0
725 0 42 + 211 0 0 0 0 0 0 0
703 0 0 0 0 0 0 0 0 0
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729 42 + 211 0 0 0 0 0 66 0 0
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TABLE 1IV: Load data for IEEE-13 distribution feeder [kVA].
Loads
Delta-connected Wye-connected Available reactive power from Caps
Node ab be ac Phase a Phase b Phase ¢ Phase a | Phase b Phase ¢
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684 0 0 0 0 0 0 0 0 0
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652 0 0 0 128+861 0 0 0 0 0
675 0 0 0 485+1901 68+601 29042121 2001 2001 2001
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