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Abstract—With the increasing installation of renewable energy 
electricity generation capacity, the penetration of natural gas fired 
generation is also substantailly increasing in power systems due to 
their fast response capability to mitigate  system variability and 
uncertainty. The dependencies between the electricity system and 
the natural gas system are becoming more important to maintain 
the reliability of both systems. In integrated electricity and natural 
gas systems (IEGSs) operations, the nonlinearity of the natural gas 
system brings challenges to the system operators. In this paper, the 
IEGSs optimal power flow (OPF) model is proposed that includes 
the line pack of the gas system via linear approximation. The 
simulation results demonstrate that the proposed model can 
obtain optimal solutions efficiently that are comparable in 
accuracy as the nonlinear line pack model.  
Index Terms—Integrated electricity and natural gas systems 
(IEGSs), optimal power flow, wind, reliability. 

NOMENCLATURE 

t Time index (hour) 
S Number of gas wells 
T Time span of the model 
C Number of compressors (index c) 
PL Number of pipelines (index pl) 
GL Number of residential gas loads (index gl) 
L Number of transmission lines (index l) 
N Number of buses in electricity system (index i) 
M Number of generation units (index i) 
W Number of wind power units (index i) 

𝑐𝑐𝑖𝑖,0, 𝑐𝑐𝑖𝑖,1, 𝑐𝑐𝑖𝑖,2 Gas consumption coefficients of generator at
bus i (Gj/MWh) 

𝜌𝜌𝑖𝑖,𝑔𝑔𝑔𝑔𝑔𝑔 Fuel price for generator unit i ($/Gj) 
𝐹𝐹𝑖𝑖,𝑡𝑡 Generator at bus i gas consumption (Gj) 
𝑅𝑅𝑐𝑐𝑚𝑚𝑖𝑖𝑚𝑚/𝑅𝑅𝑐𝑐𝑚𝑚𝑔𝑔𝑚𝑚  Compressor’s ratio minimum/maximum limits 
𝐹𝐹𝐹𝐹𝑐𝑐𝑚𝑚𝑔𝑔𝑚𝑚 Maximum flow limit in compressors 
𝑺𝑺𝒘𝒘 Gas supply matrix from the gas well (S × T) 
𝑮𝑮𝑮𝑮𝒅𝒅 Residential gas consumption matrix (GL× 1) 
𝑭𝑭𝑭𝑭𝒍𝒍 Gas flow matrix in pipelines (PL × T) 
𝑭𝑭𝑳𝑳𝒍𝒍 Line pack matrix in pipelines (PL × T) 
𝑭𝑭𝑭𝑭𝒄𝒄 Gas flow matrix in compressors (C × T) 
𝑅𝑅𝑐𝑐,𝑡𝑡 Compression ratio of compressor c at time t 

𝑆𝑆𝑤𝑤,𝑡𝑡
𝑚𝑚𝑖𝑖𝑚𝑚/𝑆𝑆𝑤𝑤,𝑡𝑡

𝑚𝑚𝑔𝑔𝑚𝑚 Gas wells production upper/lower limits 
𝑝𝑝𝑚𝑚,𝑡𝑡
𝑚𝑚𝑔𝑔𝑚𝑚/𝑝𝑝𝑚𝑚,𝑡𝑡

𝑚𝑚𝑖𝑖𝑚𝑚 Gas node pressure maximum/minimum limits at 
the n-th gas node at time t 

𝑝𝑝𝑚𝑚,𝑡𝑡 Gas node pressure at the n-th gas node at time t 
𝐻𝐻𝑐𝑐,𝑡𝑡 Power consumption of Compressor c at time t 
𝐾𝐾𝑚𝑚𝑚𝑚 Pipeline parameter for gas flow from m to n 
𝐹𝐹𝑚𝑚𝑚𝑚 Pipeline parameter for line pack from m to n 
𝐺𝐺𝑖𝑖,𝑡𝑡 Generation power output at bus i (MW) 
𝐺𝐺𝑖𝑖𝑚𝑚𝑔𝑔𝑚𝑚/𝐺𝐺𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚  Upper/lower generation level at bus i (MW) 
Di,t Demand quantity (MW) at bus i at time t 
Pi,t Wind power output (MW) at bus i at time t 
GSF Generation shift factor matrix (L × N) 
LU Line limit (L × 1) 

𝑅𝑅𝑖𝑖𝑈𝑈/𝑅𝑅𝑖𝑖𝐷𝐷 Ramp-up/-down capability (MW/minutes) of 
the i-th generation 

∆t Length of the time interval (minutes) 
All the other variables are explained in the manuscript text. 

I. INTRODUCTION

Recently, the penetration of natural gas fired generation 
units has substantially increased in the United States power 
system because of low gas prices and the reduced emissions 
compared to coal generators [1], [2]. Many of these gas units 
have the capability to change their power output levels rapidly 
and are therefore often utilized to mitigate the system 
variability and uncertainty of load and variable renewable 
generation [3], [4]. In several power systems managed by 
independent system operators (ISOs), such as PJM, ERCOT, 
and CAISO, the generation capacity of natural gas generation 
is already over a 40% share, as shown in Fig. 1. Because of this 
increasing reliance on natural gas for power production, the 
dependency between the electricity system and natural gas 
system should be taken into consideration in both system’s 
operations to maintain their reliability. The integrated 
electricity and natural gas systems (IEGSs) operation is being 
proposed to deal with the dependency between two systems. 

Recently, there have been many contributions to the 
literature on the co-simulation/co-optimization of the IEGSs. In 
[5], the uncertainty of wind power output was modeled in the 
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co-optimization of IEGSs. The intervals of power system 
operating cost and gas system operating parameters such as 
nodes pressure were obtained considering the wind power 
output uncertainty variation. In [6], the generation offering 
decision was obtained considering the uncertainties in both the 
electricity system and the natural gas system. The IEGSs 
simulation considering the nonlinearity of the natural gas 
system was investigated in [7], [8]. A linear IEGSs model for 
electricity market clearing was presented in [9]. In these 
studies, the gas network line pack, which is an inherent storage 
capability of the gas pipelines, was either ignored or modeled 
with a nonlinear formulation. The natural gas line pack storage 
capacity can mitigate gas shortages and provide additional 
flexibility to the IEGSs, especially under a high renewable 
penetration level. Therefore, to accurately model the line pack 
in the IEGSs simulation is an urgent and important issue. In this 
paper, the IEGSs optimal power flow (OPF) is proposed 
considering the impact of gas network line pack. A linear 
approximation model is used to model the line pack which is 
efficient to solve and maintains a high accuracy compared to 
the nonlinear model. 

 
Fig. 1. Generation fuel mix in PJM [10] 

The rest of this paper is organized as follows. Section II 
proposes the linear approximation of the natural gas line pack 
model and the co-optimization model of IEGSs OPF. Section III 
performs case studies to illustrate the impact of different gas 
network line pack modeling and the influence of wind power 
penetration. Finally, Section IV concludes the paper. 

II.  IEGSS OPF WITH LINEAR LINE PACK APPROXIMATION 

A.  Linearized Average Gas Pressure for Line pack 

In the gas network line pack modelling, the average pressure 
in a pipeline should be formulated. In the previous research, this 
average pressure was modelled with the mean or a nonlinear 
relation of in-flow and out-flow node pressures [7], [11]. Using 
the mean might lead to significant errors when the pressure 
difference between the in-flow and out-flow nodes is large. 
Using the nonlinear formulation brings the computation burden 
to the IEGSs optimization when the network is large. In this 
paper, a linear approximation is introduced to capture the 
nonlinear relationship of the average pressure in a pipeline with 
in-flow and out-flow node pressures, while maintaining the 
computational efficiency of a linear model. 

First, the pressure in a pipeline is quadratically related with 
the in-flow and out-flow nodes pressure shown in Fig. 2. 

𝑝𝑝𝑚𝑚 = �𝑝𝑝12 − (𝑝𝑝12 − 𝑝𝑝22) ∙ 𝑚𝑚
𝐿𝐿
 (1) 

where 𝑝𝑝𝑚𝑚 is the pressure at the location x; x is the distance to 
the in-flow node; L is the pipeline length. 

Then, the average pressure in a pipeline is shown in Eq. (2). 

 
Fig. 2. Illustration of gas pressure in a pipeline 

𝑝𝑝�𝑝𝑝𝑝𝑝−𝑚𝑚𝑚𝑚,𝑡𝑡 = ∫ 1
𝐿𝐿 �𝑝𝑝1

2 − (𝑝𝑝12 − 𝑝𝑝22) ∙ 𝑚𝑚
𝐿𝐿

𝐿𝐿
0 𝑑𝑑𝑑𝑑 =

2
3
𝑝𝑝1
2+𝑝𝑝1𝑝𝑝2+𝑝𝑝2

2

𝑝𝑝1+𝑝𝑝2
= 2

3
�𝑝𝑝1 + 𝑝𝑝2 −

𝑝𝑝1𝑝𝑝2
𝑝𝑝1+𝑝𝑝2

� (2) 
The out-flow node pressure can be represented as in Eq. (3). 

𝑝𝑝2 = 𝑟𝑟1,2𝑝𝑝1 (3) 
𝑝𝑝1𝑝𝑝2
𝑝𝑝1+𝑝𝑝2

= 𝑟𝑟1,2
1+𝑟𝑟1,2

𝑝𝑝1 = 𝑘𝑘1,2𝑝𝑝1 (4) 

 
Fig. 3. Illustration of k with ratio of p2 and p1 

From Eq. (2), using the mean 1
2

(𝑝𝑝1 + 𝑝𝑝2) to represent the 
average pressure in the pipeline leads to inaccurate results when 
the pressure difference is high. 

In a pipeline, the in-flow node gas pressure is higher than 
the out-flow node (𝑟𝑟1,2 < 1) to maintain appropriate system 
pressure. From Fig. 3, an appropriate constant 𝑘𝑘 in Eq. (4) can 
be chosen to linearize Eq. (2). The procedure of the iterative 
linear approximation for the average pipeline gas pressure is: 
Step 1: The constant 𝑘𝑘  is chosen for each pipeline initially 

according to their nodal pressure differences (or with a 
flat start, these constants are set to 0.5 initially);  

Step 2: After solving the IEGSs OPF model, the constants are 
updated for every pipeline at every time interval with 
the updated in-flow and out-flow node gas pressures.  

Step 3: The model is solved again with updated k values.  
Step 4: The iteration stops when the difference of the objective 

function between two iterations is smaller than the 
predefined threshold value. 

The values of 𝑘𝑘 is updated from Step 1 to Step 4, and the gas 
line pack model is linearized. 

B.  IEGSs OPF Model 

In this IEGSs OPF study, the total generation cost in the 
electricity system is minimized while maintaining all operating 
parameters in IEGSs within their limits during different 
intervals. The IEGSs OPF model is presented in Eqs. (5) to (21). 
min∑ �∑ 𝜌𝜌𝑖𝑖,𝑔𝑔𝑔𝑔𝑔𝑔�𝑐𝑐𝑖𝑖,2𝐺𝐺𝑖𝑖,𝑡𝑡2 + 𝑐𝑐𝑖𝑖,1𝐺𝐺𝑖𝑖,𝑡𝑡 + 𝑐𝑐𝑖𝑖,0�𝑖𝑖∈𝑔𝑔 �𝑡𝑡∈𝑇𝑇  (5) 
𝑮𝑮𝒕𝒕 − 𝑮𝑮𝒕𝒕−𝟏𝟏 ≤ 𝑹𝑹𝑼𝑼 ∙ ∆𝑡𝑡 (6) 
𝑮𝑮𝒕𝒕−𝟏𝟏 − 𝑮𝑮𝒕𝒕 ≤ 𝑹𝑹𝑮𝑮 ∙ ∆𝑡𝑡 (7) 
𝑮𝑮𝒎𝒎𝒎𝒎𝒎𝒎 ≤ 𝑮𝑮𝒕𝒕 ≤ 𝑮𝑮𝒎𝒎𝒎𝒎𝒎𝒎 (8) 
𝑰𝑰𝑮𝑮 × 𝑮𝑮𝒕𝒕 + 𝑰𝑰𝑾𝑾 × 𝑳𝑳𝒕𝒕 − 𝑰𝑰𝑮𝑮 × 𝑮𝑮𝒕𝒕 = 𝟎𝟎 (9) 
−𝑭𝑭𝑼𝑼 ≤ 𝑮𝑮𝑺𝑺𝑭𝑭 × (𝑮𝑮𝒕𝒕 + 𝑳𝑳𝒕𝒕 − 𝑮𝑮𝒕𝒕) ≤ 𝑭𝑭𝑼𝑼 (10) 
𝐹𝐹𝑖𝑖,𝑡𝑡 = 𝑐𝑐𝑖𝑖,2𝐺𝐺𝑖𝑖,𝑡𝑡2 + 𝑐𝑐𝑖𝑖,1𝐺𝐺𝑖𝑖,𝑡𝑡 + 𝑐𝑐𝑖𝑖,0 (11) 

p1 
p2 

L 

x 
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𝑰𝑰𝒘𝒘𝑺𝑺𝒘𝒘 − 𝑰𝑰𝒅𝒅𝑮𝑮𝑮𝑮𝒈𝒈𝒍𝒍 + 𝑰𝑰𝒍𝒍−𝒕𝒕𝑭𝑭𝑭𝑭𝒑𝒑𝒍𝒍−𝒎𝒎𝒎𝒎 + 𝑰𝑰𝒄𝒄−𝒕𝒕𝑭𝑭𝑭𝑭𝒄𝒄 − 𝑰𝑰𝒍𝒍−𝒇𝒇𝑭𝑭𝑭𝑭𝒑𝒑𝒍𝒍−𝒐𝒐𝒐𝒐𝒕𝒕 −
𝑰𝑰𝒄𝒄−𝒇𝒇𝑭𝑭𝑭𝑭𝒄𝒄 − 𝑰𝑰𝒈𝒈𝑭𝑭 = 𝟎𝟎 (12) 
𝑆𝑆𝑤𝑤,𝑡𝑡
𝑚𝑚𝑖𝑖𝑚𝑚 ≤ 𝑆𝑆𝑤𝑤,𝑡𝑡 ≤ 𝑆𝑆𝑤𝑤,𝑡𝑡

𝑚𝑚𝑔𝑔𝑚𝑚 (13) 
𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝,𝑡𝑡 ≤ 𝐾𝐾𝑚𝑚𝑚𝑚

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

�𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠
2 −𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

2
𝑝𝑝𝑚𝑚,𝑡𝑡 − 𝐾𝐾𝑚𝑚𝑚𝑚

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

�𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠
2 −𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

2
𝑝𝑝𝑚𝑚,𝑡𝑡 (14) 

𝐹𝐹𝐹𝐹𝑐𝑐,𝑡𝑡 = − 𝐻𝐻𝑐𝑐,0
𝑘𝑘𝑐𝑐,2−𝑘𝑘𝑐𝑐,1𝑅𝑅0

𝛼𝛼𝑐𝑐 + 𝜕𝜕𝐹𝐹𝑐𝑐,𝑡𝑡
𝜕𝜕𝐻𝐻𝑐𝑐,𝑡𝑡

× �𝐻𝐻𝑐𝑐,𝑡𝑡 − 𝐻𝐻𝑐𝑐,0� + 𝜕𝜕𝐹𝐹𝑐𝑐,𝑡𝑡
𝜕𝜕𝑝𝑝𝑚𝑚,𝑡𝑡

×

�𝑝𝑝𝑚𝑚,𝑡𝑡 − 𝑝𝑝𝑚𝑚0� + 𝜕𝜕𝐹𝐹𝑐𝑐,𝑡𝑡
𝜕𝜕𝑝𝑝𝑚𝑚,𝑡𝑡

× �𝑝𝑝𝑚𝑚,𝑡𝑡 − 𝑝𝑝𝑚𝑚0� (15) 

𝑅𝑅𝑐𝑐𝑚𝑚𝑖𝑖𝑚𝑚 ≤ 𝑅𝑅𝑐𝑐,𝑡𝑡 = 𝑝𝑝𝑚𝑚,𝑡𝑡
𝑝𝑝𝑚𝑚,𝑡𝑡

≤ 𝑅𝑅𝑐𝑐𝑚𝑚𝑔𝑔𝑚𝑚 (16) 

𝑝𝑝𝑚𝑚,𝑡𝑡
𝑚𝑚𝑖𝑖𝑚𝑚 ≤ 𝑝𝑝𝑚𝑚,𝑡𝑡 ≤ 𝑝𝑝𝑚𝑚,𝑡𝑡

𝑚𝑚𝑔𝑔𝑚𝑚 (17) 
𝐹𝐹𝐹𝐹𝑐𝑐,𝑡𝑡 ≤ 𝐹𝐹𝐹𝐹𝑐𝑐𝑚𝑚𝑔𝑔𝑚𝑚 (18) 
𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝,𝑡𝑡 = �𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝−𝑖𝑖𝑚𝑚,𝑡𝑡 + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝−𝑜𝑜𝑜𝑜𝑡𝑡,𝑡𝑡� 2⁄  (19) 
𝐹𝐹𝐿𝐿𝑝𝑝𝑝𝑝,𝑡𝑡 = 𝐹𝐹𝑚𝑚𝑚𝑚𝑝𝑝�𝑝𝑝𝑝𝑝−𝑚𝑚𝑚𝑚,𝑡𝑡 (20) 
𝐹𝐹𝐿𝐿𝑝𝑝𝑝𝑝,𝑡𝑡 = 𝐹𝐹𝐿𝐿𝑝𝑝𝑝𝑝,𝑡𝑡−1 + 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝−𝑖𝑖𝑚𝑚,𝑡𝑡 − 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝−𝑜𝑜𝑜𝑜𝑡𝑡,𝑡𝑡 (21) 
where 𝑰𝑰𝑮𝑮 , 𝑰𝑰𝑾𝑾 , 𝑰𝑰𝑮𝑮  are the incidence matrices of conventional 
generators, wind power plants and electricity load to the 
electricity system buses; 𝑰𝑰𝒘𝒘 , 𝑰𝑰𝒅𝒅 , 𝑰𝑰𝒍𝒍−𝒕𝒕 , 𝑰𝑰𝒄𝒄−𝒕𝒕 , 𝑰𝑰𝒍𝒍−𝒇𝒇 , 𝑰𝑰𝒄𝒄−𝒇𝒇 , and 𝑰𝑰𝒈𝒈 
are the incidence matrices of gas wells, natural gas loads, gas 
pipelines “to” nodes, compressors “to” nodes, gas pipelines 
“from” nodes, compressors “from” nodes, and gas-fired 
generator units to the natural gas network nodes; 𝛼𝛼𝑐𝑐 in Eq. (15) 
is a constant determined by the polytropic exponent of the 
compressor; and 𝑘𝑘𝑐𝑐,1  and 𝑘𝑘𝑐𝑐,2  in Eq. (15) are empirical 
parameters associated with the compressor design. Eq. (5) gives 
the quadratic generation cost which is represented by a set of 
linearized segments; (6)-(8) are generation limits in the 
electricity system; Eq. (9) is the power balance equation of the 
electricity system; (10) is the transmission power flow limits; 
Eq. (11) represents the gas consumption of gas-fired generator 
units; Eq. (12) shows the nodal gas balance equation of the 
natural gas network; (13) is the gas well production limits; Eq. 
(14) and (15) are the linearized gas flows equations in pipelines 
and compressors; (16) limits the compressor’s compression 
ratio; (17) shows the nodal gas pressure limitation; (18) shows 
the compressor’s gas flow limit; (19) shows that the pipeline gas 
flow is the average of its in-flow and out-flow; (20) and (21) are 
the pipeline line pack equations. 𝑝𝑝�𝑝𝑝𝑝𝑝−𝑚𝑚𝑚𝑚,𝑡𝑡  is the average gas 
pressure in the pipeline mn which is calculated using the linear 
approximation in the previous subsection. The original 
nonlinear formulations of Eq. (14) and (15) and the procedure 
for their linearization are listed below for the model 
completeness.  

The natural gas flow through a pipeline depends on the 
pipeline parameters (diameter, fiction coefficients, etc) and the 
pressure difference between the in-flow and out-flow nodes. The 
nonlinear Weymouth equation is used to model the turbulent gas 
flow in all pipelines [12], [13] as: 
𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝,𝑡𝑡�𝑝𝑝𝑚𝑚,𝑡𝑡 , 𝑝𝑝𝑚𝑚,𝑡𝑡� = 𝐾𝐾𝑚𝑚𝑚𝑚�𝑝𝑝𝑚𝑚2 − 𝑝𝑝𝑚𝑚2 (22) 

To linearize the nonlinear equation in (22), first the first 
order Taylor expansion of the non-linear Weymouth Eq. (22) at 
the given values of 𝐿𝐿𝑃𝑃 and 𝐿𝐿𝑃𝑃 which are the in-flow and out-
flow nodes pressures is shown in Eq. (23). 

𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝,𝑡𝑡�𝑝𝑝𝑚𝑚,𝑡𝑡 , 𝑝𝑝𝑚𝑚,𝑡𝑡� = 𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝,𝑡𝑡(𝐿𝐿𝑃𝑃𝑚𝑚𝑚𝑚 ,𝐿𝐿𝑃𝑃𝑚𝑚𝑚𝑚) + 𝜕𝜕𝐹𝐹𝐿𝐿𝑝𝑝𝑝𝑝,𝑡𝑡
𝜕𝜕𝑝𝑝𝑚𝑚

(𝑝𝑝𝑚𝑚 −

𝐿𝐿𝑃𝑃𝑚𝑚𝑚𝑚) + 𝜕𝜕𝐹𝐹𝐿𝐿𝑝𝑝𝑝𝑝,𝑡𝑡
𝜕𝜕𝑝𝑝𝑚𝑚

(𝑝𝑝𝑚𝑚 − 𝐿𝐿𝑃𝑃𝑚𝑚𝑚𝑚) (23) 
Then introducing a set of points (𝐿𝐿𝑃𝑃𝑚𝑚𝑚𝑚𝑔𝑔,𝐿𝐿𝑃𝑃𝑚𝑚𝑚𝑚𝑔𝑔) to linearize 

the Taylor expansion in Eq. (23), where 𝑠𝑠 ∈ {1,2,⋯ , 𝑆𝑆} is the 
index of the linearization segments. Then the nonlinear equation 
in Eq. (23) can be replace by a set of linearized inequality 
constraints in (24). More details about this linearization can be 
found in [6] and [14]. 
𝐹𝐹𝐹𝐹𝑝𝑝𝑝𝑝,𝑡𝑡�𝑝𝑝𝑚𝑚,𝑡𝑡 , 𝑝𝑝𝑚𝑚,𝑡𝑡� ≤ 𝐾𝐾𝑚𝑚𝑚𝑚

𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

�𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠
2 −𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

2
𝑝𝑝𝑚𝑚,𝑡𝑡 −

𝐾𝐾𝑚𝑚𝑚𝑚
𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

�𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠
2 −𝑃𝑃𝑃𝑃𝑚𝑚𝑚𝑚,𝑠𝑠

2
𝑝𝑝𝑚𝑚,𝑡𝑡 (24) 

The gas flow in a compressor is determined by the 
compressor’s power consumption and the compression ratio 
shown in Eq. (25). 
𝐹𝐹𝐹𝐹𝑐𝑐,𝑡𝑡�𝐻𝐻𝑐𝑐,𝑡𝑡 ,𝑅𝑅𝑐𝑐,𝑡𝑡� = − 𝐻𝐻𝑐𝑐,𝑡𝑡

𝑘𝑘𝑐𝑐,2−𝑘𝑘𝑐𝑐,1(𝑅𝑅𝑐𝑐,𝑡𝑡)𝛼𝛼𝑐𝑐
 (25) 

Similarly, the gas flow in the compressors are also linearized 
with its first order Taylor expansion at a fixed operating point 
(𝐻𝐻𝑐𝑐0, 𝑝𝑝𝑚𝑚0, 𝑝𝑝𝑚𝑚0). The initial compression ratio is 𝑅𝑅𝑐𝑐0 = 𝑝𝑝𝑚𝑚0

𝑝𝑝𝑚𝑚0
. The 

linearized formulation of Eq. (26) is as, 
𝐹𝐹𝐹𝐹𝑐𝑐,𝑡𝑡�𝐻𝐻𝑐𝑐,𝑡𝑡 ,𝑅𝑅𝑐𝑐,𝑡𝑡� = − 𝐻𝐻𝑐𝑐,0

𝑘𝑘𝑐𝑐,2−𝑘𝑘𝑐𝑐,1𝑅𝑅0
𝛼𝛼𝑐𝑐 + 𝜕𝜕𝐹𝐹𝑐𝑐,𝑡𝑡

𝜕𝜕𝐻𝐻𝑐𝑐,𝑡𝑡
× �𝐻𝐻𝑐𝑐,𝑡𝑡 − 𝐻𝐻𝑐𝑐,0� +

𝜕𝜕𝐹𝐹𝑐𝑐,𝑡𝑡
𝜕𝜕𝑝𝑝𝑚𝑚,𝑡𝑡

× �𝑝𝑝𝑚𝑚,𝑡𝑡 − 𝑝𝑝𝑚𝑚0� + 𝜕𝜕𝐹𝐹𝑐𝑐,𝑡𝑡
𝜕𝜕𝑝𝑝𝑚𝑚,𝑡𝑡

× �𝑝𝑝𝑚𝑚,𝑡𝑡 − 𝑝𝑝𝑚𝑚0� (26) 

III.  CASE STUDIES 

A.  Six-Bus Electricity Network with Seven-Node Natural Gas 
Network 

A small IEGSs consisting of a six-bus electricity system and 
a seven-node natural gas network is depicted in Fig. 4, and the 
system parameters are from [6], [13]. Five generation units are 
connected to buses 1, 2 and 6 in which two units are gas-fired 
units. Two 35 MW wind power plants are connected to buses 3 
and 5.  

G3 G4

G5PL2 PL3

PL1

7

6

42

53

1

1 2 3

4 5 6

G1

G2  
Fig. 4. Six-bus system and generation parameters 

 
Fig. 5. Demand and wind power curves 

The 24 hour electricity and natural gas residential loads, and 
the parameters of the natural gas system can be found in 
Appendix C of [6]. The wind power forecasts are shown in Fig. 
5; they are from the Wind Toolkit [15] with plant identification 
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numbers 46851 and 46324. The forecasted wind power is scaled 
up to 35 MW for each wind power plant. In this study, it 
assumed that the gas well 1 and 2 have firm contracts to produce 
5000 Mcm/hr and 6000 Mcm/hr gas, respectively. 

B.  Reliability Impact of IEGSs Coordination 

This subsection studies the reliability impact of the 
coordiation between the electricity and natural gas networks. 
Five cases of OPF with different IEGSs constraints modeling 
are performed. Five cases are shown below. The nonlinear line 
pack modeling in Case 3 will be chosen as a benchmark model 
to validate the accuracy of the proposed model because the 
nonlinear formulation accurately models the gas network. The 
system operating costs and the gas consumption of five cases 
are listed in Table 1. Fig. 6 to Fig. 9 are the node pressue and 
pipelines’  line pack under different cases. 
Case 1: OPF of only electricity network; 
Case 2: OPF of IEGSs with gas line pack model using mean as 

the pipeline average pressure; 
Case 3: OPF of IEGSs with gas line pack model using nonlinear 

average pressure model shown in Eq. (2); 
Case 4: OPF of IEGSs with gas line pack model using proposed 

average pressure model. 
Table 1 System operating cost and gas consumption in four cases 

 Case 1 Case 2 Case 3 Case 4 
System cost ($) 2,426,980 2,547,078 2,547,396 2,547,405 

Gas consumption (Mcm) 288,920.4 264,000 264,000 264,000 

Table 1 shows that without considering the constraints of 
natural gas network the system operating cost is lowest shown 
in Case 1. However, the solution in Case 1 is not physically 
feasible because the gas production and node pressure violate 
their limits in this solution shown in Table 1 and Fig. 6. 

Comparing the results among Case 2 to Case 4, it 
demonstrates that the proposed linear approximation model in 
Case 4 can obtain a very accurate results compared to the 
nonlinear model in Case 3 with the operating cost difference 
less than 0.00035%. While using the mean to represent the 
average gas pressure in Case 2 leads to 0.012% error in the 
operating cost compared to Case 3. Therefore, the proposed 
model obtains a more accurate results compared to the model 
using the mean as the average gas pressure in the pipeline. 

 
Fig. 6. Node 2 gas pressure in four cases 

Fig. 6 and Fig. 7 demonstrate the gas pressure of node 2 and 
3 in different cases. The red dash lines are the lower and upper 
limits of the node pressure. Fig. 6 shows that without 
considering the gas network constraints the electricity system 
dispatch leads to large violations in the gas network. This means 
that the solution is not physically feasible. After considering the 

gas network limitations in Case 2 to Case 4, the node pressure 
can be maintained within its limits. Fig. 7 shows that the 
pressures of node 3 in Case 2 to Case 4 are close. 

 
Fig. 7. Node 3 gas pressure in Case 2, Case 3, and Case 4 

 
Fig. 8. Line pack of pipeline 1 in four cases 

 
Fig. 9. Line pack of pipeline 1 in Case 2, Case 3, and Case 4 

Fig. 8 and Fig. 9 show the 24 hours line pack of pipeline 1 
and 2 in different cases. Fig. 8 demonstrates that without a co-
optimization modeling the electricity system solution leads to a 
large line pack variation in the gas network which is also 
physically infeasible. Case 2 to Case 4 can obtain a physically 
feasible solutions for the IEGSs after considering the 
dependency between two systems. Fig. 9 shows that the 
proposed model can obtain the line pack results close to the 
nonlinear accurate model. Using the mean to represent the 
average pressure in Case 3 leads to a large deviation in the line 
pack results. 

C.  Wind Power Penetration 

The comparison among Case 2 to Case 4 under different 
wind power penetration levels is investigated in this subsection. 
In this study, the wind penetration is adjusted with a scale kp. 
For instance, when the value of kp is 1.1, the wind power output 
in Fig. 5 is multiplied by 1.1. The system operating costs under 
different penetration levels are listed in Table 2 for Case 2 to 
Case 4. 

From Table 2, it is obvious that the proposed model can 
obtain the results close to the benchmark nonlinear line pack 
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model regardless of the penetration levels. However, with the 
mean to represent the average pipeline gas pressure in Case 2, 
the operating cost deviation between Case 2 and Case 3 is large 
especially when the wind penetration level is high. 
Table 2 System operating cost in three cases under different wind penetration 

levels 

kp Case 2 Case 3 Case 4 
1.0 2,547,078 2,547,396 2,547,405 
1.1 2,482,871 2,483,189 2,483,268 
1.2 2,418,824 2,419,151 2,419,210 
1.3 2,354,866 2,355,195 2,355,218 
1.4 2,291,051 2,291,397 2,291,400 
1.5 2,227,391 2,227,738 2,227,752 

D.  Computational Efficiency 

All the case studies are performed on a Dell Laptop with 
Intel Core i5 as the CPU. The proposed iterative linear 
approximation model can obtain the optimal solutions within 6 
iterations in less than 2 seconds for the previous case studies. 
Therefore, it is efficient to obtain the solution accurately and 
close to the results of the nonlinear model. Note that for a large 
natural gas system, the global optimum cannot be guaranteed 
using the nonlinear model. While with the proposed model, the 
optimal solution can be obtained. 

IV.  CONCLUSIONS 

This paper proposes a linear approximation model for the 
natural gas line pack modeling in the IEGSs OPF problem. The 
nonlinear gas network constraints are linearized and can be 
efficiently solved. The case studies show that the dependency 
between electricity and natural gas systems should be modeled 
to maintain a reliable system operation. The simulation results 
demonstrate that the proposed model can obtain accurate 
optimal solutions compared to the nonlinear line pack model. 
Using the mean of in-flow and out-flow node pressure in the 
line pack model leads to inaccurate results especially when the 
renewable penetration is high.  
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