
A Landau–Devonshire analysis of strain effects on
ferroelectric Al1�xScxN

Cite as: Appl. Phys. Lett. 121, 042902 (2022); doi: 10.1063/5.0098979
Submitted: 13 May 2022 . Accepted: 7 July 2022 .
Published Online: 25 July 2022

Keisuke Yazawa,1,2,a) Andriy Zakutayev,1 and Geoff L. Brennecka2,a)

AFFILIATIONS
1Materials Science Center, National Renewable Energy Laboratory, Golden, Colorado 80401, USA
2Department of Metallurgical and Materials Engineering, Colorado School of Mines, Golden, Colorado 80401, USA

Note: This paper is part of the APL Special Collection on Piezoelectric Thin Films for MEMS.
a)Authors to whom correspondence should be addressed: Keisuke.Yazawa@nrel.gov and geoff.brennecka@mines.edu

ABSTRACT

We present a thermodynamic analysis of the recently discovered nitride ferroelectric materials using the classic Landau–Devonshire
approach. Electrostrictive and dielectric stiffness coefficients of Al1�xScxN with a wurtzite structure (6mm) are determined using a free
energy density function assuming a hexagonal parent phase (6/mmm), with the first-order phase transition based on the dielectric stiffness
relationships. The results of this analysis show that the strain sensitivity of the energy barrier is one order of magnitude larger than that of
the spontaneous polarization in these wurtzite ferroelectrics, yet both are less sensitive to strain compared to classic perovskite ferroelectrics.
These analysis results reported here explain experimentally reported sensitivity of the coercive field to elastic strain/stress in Al1�xScxN films
and would enable further thermodynamic analysis via phase field simulation and related methods.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0098979

Landau–Devonshire thermodynamic modeling has been widely
acknowledged as a valuable tool for the phenomenological description
of the physics of ferroelectrics.1 The approach has been validated
across a wide range of ferroelectric materials from the first ferroelectric
discovered, Rochelle Salt, to recent HfO2-based materials.2–4 Extension
to what is now referred to as the Landau–Ginsburg–Devonshire model
enables rigorous investigation of polarization boundaries and reorien-
tation, phase transformations, and domain formation/evolution.5–10

Most recently, full ranges of the double well function, an important
outcome of the Landau–Devonshire theory, have been experimentally
observed, including the unstable “spinodal” region11 associated with
negative capacitance.12,13 Thus, the phenomenological Landau–
Devonshire theory continues to be a valuable tool for understanding
and predicting properties and behaviors of ferroelectric materials.

Since the discovery of Al1�xScxN ferroelectrics,14 investigation of
wurtzite ferroelectrics has been of great interest due to their large
spontaneous polarization values and process compatibility with exist-
ing Si technology.15–22 One challenge with these materials is the large
coercive field. In this context, thermodynamic analysis is an attractive
approach to predict and understand changes in properties under ther-
modynamic variables, such as strain, electric field, and temperature.
However, most of the thermodynamic coefficients have not yet been

determined for the wurtzite ferroelectrics. Most recently, Wang et al.
described the thermodynamic double well function for Al1�xScxN
using density functional theory (DFT) calculation results for the sec-
ond- and fourth-order dielectric stiffness.23 Although that effort is an
important start, higher order terms are critical for some materials,24,25

and coupling terms that are non-negligible in many ferroelectric
systems have not yet been addressed. Indeed, limited ferroelectric
property tuning under elastic strain/stress has been reported in
Al1�xScxN,

14,16,26 but consistent descriptions remain elusive.
The Landau–Devonshire free energy density (hereafter, “density”

will be omitted for brevity) of a ferroelectric material with a centro-
symmetric parent phase, whose variables are polarization Pi and total
strain eij can be expressed as27

f ¼ aijPiPj þ aijklPiPjPkPl þ aijklmnPiPjPkPlPmPn

þ 1
2
cijkleijekl � qijkleijPkPl; (1)

where aij, aijkl, and aijklmn are the dielectric stiffness coefficients at con-
stant strain, cijkl is the elastic stiffness at constant polarization, and qijkl
is the electrostrictive coefficient. Note that the summation symbols for
each term are omitted hereafter. In a stress-free state, the strain deriva-
tive of Eq. (1) is 0, namely,7,28,29
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@f
@eij
¼ rij ¼ cijkle

0
kl � qijklPkPl ¼ 0 ; (2)

and the strain satisfying the relationship is the spontaneous strain e0kl ,
which is expressed as

e0kl ¼ sklmnqmnopPoPp ¼ QklopPoPp; (3)

where Qijkl is polarization–strain electrostrictive coefficient. Plugging
Eq. (3) into Eq. (1) gives the free energy at the stress-free boundary
condition fsf, which is expressed as7,28,29

f sf ¼ aijPiPj þ a�ijklPiPjPkPl þ aijklmnPiPjPkPlPmPn; (4)

where a�ijkl is expressed as

a�ijkl ¼ aijkl �
1
2
cmnopQmnijQopkl: (5)

From this representation of the free energy under stress-free condi-
tions, the polarization reorientation in a relaxed crystal at any point
during the switching event can be discussed.

In this work, we apply this classic approach to the recently dis-
covered wurtzite nitride ferroelectric Al1�xScxN and are able to explain
the origins of experimentally observed changes in a coercive field with
elastic strain while also predicting a first-order phase transition to the
centrosymmetric prototype phase. We use Landau–Devonshire ther-
modynamic modeling to describe elastic strain effects on Al1�xScxN
ferroelectrics up to sixth-order polarization terms, including elastic
and electromechanical coupling terms. The coefficients are determined
based upon a range of DFT calculations and experimental results
reporting electric, elastic, and piezoelectric properties. The electrostric-
tive coefficient and range of dielectric stiffness values are determined
for Al1�xScxN. We find that—consistent with experimental reports—
the coercive field is more sensitive than spontaneous polarization to
elastic strain; we also determine that strain has a significantly smaller
effect on all relevant properties of Al1�xScxN than the classic perov-
skite PbTiO3.

In wurtzite ferroelectrics, the 6/mmm hBN structure is assumed
to be the reference parent structure.14,30,31 Based on Eq. (4), the stress-
free free energy fsf can be explicitly written to account for coefficient
degeneracy due to the crystal symmetry as

f sf ¼ a11 P2
1 þ P2

2

� �
þ a33P

2
3 þ a�1111 P4

1 þ P4
2

� �
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4
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þ a112233P
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2
3: (6)

The spontaneous polarization in wurtzite is along the three directions.
Under conditions with no in-plane polarization in the system (P1¼ P2
¼ 0, P3 6¼ 0), namely, when there exists no in-plane electric field or
shear strain, conditions compatible with a polar oriented fiber-
textured film or single crystal, the stress-free free energy can be
reduced to

f sf ¼ a33P2
3 þ a�3333P

4
3 þ a333333P6

3: (7)

The local minimum of the free energy represents the spontaneous
polarization Ps; thus,

@f sf

@P3

����
P3¼Ps

¼ 0: (8)

Also, the second derivative of the free energy, which corresponds to
the inverse of the slope of the P–E curve, is the observed dielectric sus-
ceptibility along the wurtzite three directions, namely,

@2f sf

@P32

����
P3¼Ps

¼ 1
j0v33

; (9)

where j0 and v33 are the vacuum permittivity and material susceptibil-
ity, respectively. From differential Eqs. (8) and (9), the higher order
dielectric stiffness coefficients a�3333 and a333333 are expressed in terms
of a33 as

a�3333 ¼ �
8a33j0v33 þ 1
8P2

s j0v33
; (10)

a333333 ¼ �
4a33j0v33 þ 1
12P4

s j0v33
: (11)

Thus, by plugging equations (10) and (11) into (7), the
polarization-free energy curve at the stress-free condition can be
illustrated with only one unknown variable, a33, and experimentally
or computationally obtained dielectric constant and spontaneous
polarization. Figure 1 shows the polarization-free energy for stress-
free conditions across a wide range of various a33 values for Sc con-
tent x¼ 0.2 in Al1�xScxN. The range is limited to the negative value
of a33 to focus on the ferroelectric region.27 The spontaneous polar-
ization and susceptibility values utilized here are from reported
DFT calculation results,32,33 though they are consistent with a num-
ber of experimental reports as well.14,15,33 The second-order term
starts significantly affecting the curve shape when a33 < �1� 109 J
m C�2, and the well depth gets deeper with a decrease in a33 value.
This well depth relates to the intrinsic ferroelectric coercive field,
which is difficult to determine unambiguously due to kinetic contri-
butions (e.g., frequency dependence of coercive field34) and strong
influence of defects and extrinsic contributions to polarization
reversal.35,36 However, the lower limit of the a33 value can be deter-
mined via the curve shape shown in Fig. 1. In one limiting case for
a33 ¼ �1� 1010 J m C�2, the free energy decreases again for
P> 1.6 C m�2 due to the strong negative contribution of the
second-order term to the free energy. This is irrational because infi-
nite polarization becomes the most stable state, which physically
corresponds to decomposition via cation/anion displacement.
Thus, stability dictates that the limit of fsf of P as P approaches 1
needs to be positive, namely,

lim
P!1

f sf ¼ 1 4a33j0v33 þ 1ð Þ
sgn j0v33ð Þ

> 0: (12)

From this, the a33 range is simply determined as

a33 > �
1

4j0v33
: (13)

Also, the sign of a�3333 determines the order of the ferroelectric–
dielectric phase transition.27 From the a33–a

�
3333 relationship written

in Eq. (10), the phase transition order is determined as follows:
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a33 > �
1

8j0v33
; first order phase transition;

a33 < �
1

8j0v33
; second order phase transition:

8>><
>>: (14)

Figure 1(b) illustrates the a33 lower limit and the first- and
second-order transition ranges for the Sc range from x¼ 0–0.5. From
a DFT calculated barrier height, the a33 value and phase transition
order can be determined. Wang et al. reported 0.12 and 0.23 eV/f.u.
for the barrier height of the double well function at x¼ 0.2 and 0 in a
lattice relaxed transition that corresponds to the stress-free transition
in this discussion.23 Based on the DFT calculated barrier height, a33 at
x¼ 0.2 is �0.32 GJ m C�2, which is in the first-order phase transition
range as shown in Fig. 1(b). It is noteworthy that the a33 value is com-
parable to that of classic perovskite ferroelectrics, such as�0.027 GJ m
C�2 for BaTiO3 and�0.17 GJ m C�2 for PbTiO3.

29,37

To understand the electro-mechanical coupling contribution to
the spontaneous polarization, the electrostrictive coefficient needs to
be determined. In the 6mm wurtzite material system, the electrostric-
tive and piezoelectric coefficients are related as follows:1,38

d311 ¼ d322 ¼ 2Q1133Psv33; (15)

d333 ¼ 2Q3333Psv33: (16)

In addition to the reported spontaneous polarization and susceptibil-
ity,32,33 DFT simulation results for the piezoelectric coefficient39,40 are
used to calculate the electrostrictive coefficient. Figure 2 shows the elec-
trostrictive coefficient as a function of Sc content. The absolute values of
both Q3333 and Q1133 ¼ Q2233 increase with the increase in Sc content,
similar to the Q and d increase in classic ferroelectric solid solutions,
such as PbZrO3–PbTiO3.

33,39,41 It is noteworthy that the Q values at Sc
content x¼ 0.5 (e.g., Q3333 ¼ 0.247 m4 C�2) are significantly higher
than those at the morphotropic phase boundary (MPB) of Pb(Zr,Ti)O3

(e.g., Q3333 ¼ Q1111 ¼ 0.097 m4 C�2), which corresponds to the abrupt
increase in piezoelectric coefficient in larger Sc content.41,42 Polynomial
fits from the composition–electrostrictive relationships are

Q3333 ¼ 4:1068x3 � 1:7514x2 þ 0:2846x þ 0:0226 ; (17)

Q1133 ¼ �1:3904x3 þ 0:6022x2 � 0:1021x � 0:0105; (18)

where x is the Sc content ranging from 0 to 0.5. The values reported
here are based upon the DFT calculated piezoelectric coefficient that
Caro et al. reported.39 For comparison, we also used the slightly differ-
ent set of piezoelectric coefficients from Ambacher40 and saw only a
6% difference in electrostrictive coefficient up to compositions of
x¼ 0.4. This is less uncertainty than is commonly seen across different
experimental reports. The dielectric stiffness and electrostrictive coeffi-
cient values for x¼ 0 to 0.5 are tabulated in Table I.

With the determined electrostrictive coefficient, elastic strain–
spontaneous polarization coupling can be investigated. The explicit
expression of Eq. (1) including the total strain as a variable can be sim-
plified considering the crystal symmetry and polarization direction to

f ¼ a33P
2
3 þ a3333P

4
3 þ a333333P

6
3 þ

1
2
c1111 e211 þ e222

� �
þ 1
2
c3333e

2
33 þ c1122e11e22 þ c1133 e11e33 þ e22e33ð Þ

� q1133 e11 þ e22ð ÞP2
3 � q3333e33P

2
3: (19)

FIG. 1. Second-order dielectric stiffness a33 analysis. (a) Free energy curves with various a33 values for Sc content¼ 0.2. (b) First- and second-order phase transition ranges
in a33 as a function of Sc content.

FIG. 2. Electrostrictive coefficient as a function of Sc content.
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Note that shear strain contributions to the free energy are omitted
here due to the assumption that no in-plane polarization emerges. The
fourth-order dielectric stiffness, a3333, under fixed strain boundary
conditions, can be back-engineered from Eq. (5) (with symmetry con-
siderations) as

a3333 ¼ a�3333 þ
1
2

2c1111Q
2
1133 þ 2c1122Q

2
1133

�
þ 4c1133Q1133Q3333 þ c3333Q

2
3333

�
: (20)

Also, q1133 and q3333 can be represented in terms of Q1133 and Q3333,
and reported stiffness cijkl even though the other Qijkl components are
unknown,39 namely,

q1133 ¼ c11mnQmn33; (21)

q3333 ¼ c33mnQmn33: (22)

Although the entire free energy curve as a function of polarization at a
fixed strain state represents a rare case (e.g., hydrostatically con-
strained crystal), the local minima give the spontaneous polarization at
a static state with an arbitrary strain. Thus, spontaneous polarization
P�s(e) satisfies the derivative equation

@f
@P3

����
P3¼P�s

¼ 0; (23)

namely, the spontaneous polarization as a function of total strain is
expressed as

P�s eð Þ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a3333þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a23333�3a333333 a33�q1133 e11þe22ð Þ�q3333e33ð Þ

p
3a333333

s
:

(24)

Note that the higher order dielectric stiffness coefficients can be writ-
ten with only one coefficient a33 unknown for the entire composition
range as shown in Eqs. (10), (11), and (20). From the spontaneous
polarization, the free energy barrier for the double well is expressed as

fb ¼ f 0ð Þ � f P�sð Þ: (25)

Note that the free energy barrier fb represents the polarization switch-
ing barrier at a fixed strain for the entire event. This value tends to be
higher than that in actual stress-free switching due to the larger elastic
energy contribution during switching. Nevertheless, the value should
relate to the ferroelectric switching coercive field, and comparison

across composition and strain states under identical conditions pro-
vides a trend.

The total strain eij is a sum of an elastic strain eelaij and spontane-
ous strain e0ij under isothermal conditions (where there is no thermal
strain contribution), namely,

eij ¼ eelaij þ e0ij: (26)

Considering the relationship eelaij to P�s(e) is more useful for intuitive
understanding of the strain–spontaneous polarization relationship
because the measured strain is an elastic strain added to already spon-
taneously strained states. From Eqs. (3), (24), and (26), an elastic strain
tensor component is expressed as

eelaij ¼eij�Qij33

��a3333þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a23333�3a333333 a33�q1133 e11þ e22ð Þ�q3333e33ð Þ

p
3a333333

:

(27)

As expressed in Eqs. (24), (25), and (27), spontaneous polarization,
free energy barrier, and elastic strain are uniquely determined at an
arbitrary total strain state with an assumed a33 value. Recall the
assumption that no shear strain components exist to preserve P1 ¼ P2
¼ 0 in the model.

The existence of an elastic strain effect on spontaneous polariza-
tion is not surprising since strain–polarization coupling is common in
ferroelectrics6,43,44 and already reported in the wurtzite ferroelec-
trics.14,16,26 However, our quantitative analysis provides important
information about the magnitude of the effects of strain compared to
other factors, such as chemistry. Figure 3(a) shows elastic strain–spon-
taneous polarization maps for Al0.8Sc0.2N and PbTiO3 for comparison.
The coefficients of PbTiO3 are from the literature45,46 after converting
compliance from constant electric field sE to constant polarization sD

for direct comparison to our model.47 The spontaneous polarization
values are normalized with the spontaneous polarization in a stress-
free state. The degree of spontaneous polarization change under an
elastic strain is different; Al0.8Sc0.2N undergoes �2.7 to þ2.5% of
change in spontaneous polarization under 1% elastic strain, whereas
PbTiO3 exhibits �10 to þ7.5% of change in Ps under the same per-
centage strain. This means that the polarization of Al0.8Sc0.2N is less
susceptible to elastic strain compared to PbTiO3.

Figure 3(b) shows the composition dependence of spontaneous
polarization with envelopes representing maximum and minimum

TABLE I. Range of dielectric stiffnesses and electrostrictive coefficients for x¼ 0 to 0.5.

Sc content x in Al1�xScxN

Unit 0a 0.1 0.2a 0.3 0.4 0.5

a33 GJ m C�2 �1.84 >�2.97 �0.32 >�2.38 >�2.12 >�1.90
aa3333 GJ m5 C�4 0.33 <0.92 �0.66 <0.84 <0.89 <1.23
a333333 GJ m9 C�6 0.12 >0 0.33 >0 >0 >0
a3333 GJ m5 C�4 0.55 <1.13 �0.44 <1.19 <1.70 <3.28
Q3333 m4 C�2 0.025 0.036 0.043 0.063 0.117 0.247
Q1133 m4 C�2 �0.011 �0.016 �0.018 �0.025 �0.043 �0.087

aThe dielectric stiffnesses are determined by energy barrier height of a DFT result at x¼ 0 and 0.2.26
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polarization values under 61% of eela33 and 70.3% of eela11 ¼ eela22.
The error bars along with the envelopes show the possible range due
to the range of the unknown a33 value in the composition range except
x¼ 0.2 as shown in Table I. The error bars are quite small compared
to the chemistry and strain effects as discussed in the supplementary
material. The strain corresponds to uniaxial strain along the three
directions with assumed Poisson’s ratio equal to 0.3. The plotted dots
are the stress-free spontaneous polarization from DFT calculations.32

From Sc content x¼ 0.1 to 0.4, a 14% decrease in spontaneous polari-
zation is seen, and this change is more than five times larger than the
change attributed to 61% of uniaxial elastic strain along the polar
direction. Note that 1% of uniaxial elastic strain corresponds to
1.2–2.7GPa, which is close to the fracture strength of AlN thin films48

and more than the controllable range in residual stress with sputtering
process variables.49 Therefore, composition is more effective than lat-
tice strain for controlling spontaneous polarization in Al1�xScxN.
Lattice strain can tune spontaneous polarization up to a couple of per-
cent, which is smaller than classic perovskite ferroelectrics PbTiO3.

Figure 3(c) illustrates the elastic strain-free energy barrier fb maps
for Al0.8Sc0.2N and PbTiO3 for comparison. The fb values are normal-
ized with the free energy barrier under the condition that the total
strain is only spontaneous strain at a stress-free state. Both materials
show a larger barrier height with larger spontaneous strain. In a range
of 61% elastic strain, the elastic effect on fb is �19 to þ20% for
Al0.8Sc0.2N, while that for PbTiO3 is �42 to þ45%. Again, Al0.8Sc0.2N
shows smaller effects of elastic stain than does PbTiO3, but the percent

change in barrier height under an elastic strain is one order of magni-
tude larger than the percent change in spontaneous polarization, so
the difference between the strain sensitivity between Al1�xScxN and
PbTiO3 is significantly less for the barrier to polarization reversal than
to the spontaneous polarization value itself. The free energy barrier is
investigated only at x¼ 0.2 since the unknown a33 value is critical for
free energy barrier analysis as discussed in the supplementary
material.

Indeed, a recent experimental report suggested that the ionicity
of Sc–N bonding is the dominant factor that controls spontaneous
polarization in this system.50 The result showing decreased spontane-
ous polarization with the increase in Sc content even in an elastically
strained film is consistent with Fig. 3(b). The coercive field, however, is
commonly reported to be sensitive to elastic strain/stress,14,16,26 consis-
tent with the greater sensitivity of the free energy barrier to strain that
we show here. A quantitative relationship between the coercive field
and thermodynamic calculations requires knowledge of the switching
mechanism(s) and the intermediate state or static domain boundary
configuration (e.g., the intermediate strain state during polarization
switching attributed to a change in spontaneous strain as well as the
elastic interaction across domain walls). Moreover, the intermediate
state might possess in-plane polarization components, i.e., P1 and/or
P2 6¼ 0, thereby requiring in-plane coupling and dielectric stiffness
coefficients for further studies dealing with switching dynamics and
domain evolution. Nevertheless, from the thermodynamic perspective,
the technique presented in this study can be generalized to predict the

FIG. 3. Elastic strain effects on ferroelectric properties. (a) Normalized spontaneous polarization map for Al0.8Sc0.2N and PbTiO3 under 61% of elastic strain. (b) Spontaneous
polarization as a function of Sc content. Envelope (dashed lines) shows the maximum and minimum values under 61% of uniaxial elastic strain eela33. (c) Normalized free
energy barrier map for Al0.8Sc0.2N and PbTiO3 under 61% of elastic strains.
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ferroelectric response with regard to thermodynamic variables, based
on the wide applicability of the Landau–Devonshire approach on
ferroelectrics.

Free energy analysis of Al1�xScxN with an electromechanical
coupling term using the Landau–Devonshire formalism has been car-
ried out based on reported DFT calculation results. Dielectric stiffness
coefficients are determined based on the free energy curve shape under
stress-free conditions, keeping the double well function for x¼ 0–0.5.
A first-order thermally driven phase transition between the polar fer-
roelectric phase 6mm and non-polar parent 6/mmm phase is expected
at x¼ 0.2 based on the dielectric stiffness coefficients. The electrostric-
tive coefficients for x¼ 0–0.5 are determined using reported piezoelec-
tric coefficients, spontaneous polarization values, and dielectric
susceptibility. The ambiguity due to the range of a33 value is shown to
be unimportant for the elastic strain–spontaneous polarization curve,
and the elastic strain effect on spontaneous polarization is small com-
pared to PbTiO3. The elastic strain effect on free energy barrier height
is also small for Al1�xScxN compared to PbTiO3, but the relative dif-
ference is not as large. These results explain the experimentally
reported coercive field tunability under elastic strain/stress as well as
the relative stability of spontaneous polarization with strain.
Determination of the sensitivity of various properties to external varia-
bles such at strain provides crucial guidance for how to optimize prop-
erties for potential future applications.

See the supplementary material for further analysis for the a33
sensitivity for the spontaneous polarization and free energy barrier.
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