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Electrode Microstructure and 
Chemo-mechanical Cracking

1. NREL. “Battery Microstructures Library.” https://www.nrel.gov/transportation/microstructure.html.   
2. Allen, J., P. Weddle, A. Verma, et al. 2021. “Quantifying the influence of charge rate and cathode-particle architectures on degradation of Li-ion cells 
through 3D continuum-level damage models.” J. Power Sources. doi.org/10.1016/j.jpowsour.2021.230415.
3. Quinn, A., H. Moutinho, F. Usseglio-Viretta, et al. 2020. “Electron Backscatter Diffraction for Investigating Lithium-Ion Electrode Particle Architectures.” 
Cell Reports Physical Science 1, 100137. https://doi.org/10.1016/j.xcrp.2020.100137.    

Cathode Composition:
• Randomly-oriented grains
• Anisotropic grain material properties 

Charge Cycling:
• Li movement between electrodes causes 

nonuniform grain expansion and contraction

Chemo-mechanical cracking:
• Inhibited Li flow via tortuous diffusion path
• Reduced battery life

Nickel Manganese Cobalt 
(NMC) positive electrode

https://www.nrel.gov/transportation/microstructure.html
https://doi.org/10.1016/j.jpowsour.2021.230415
https://doi.org/10.1016/j.xcrp.2020.100137
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Coupled Electrochemical-Mechanical Formulation
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Governing Equations

• Mechanics  𝒖𝒖
𝛁𝛁 � 𝝈𝝈 = 𝟎𝟎 𝑖𝑖𝑖𝑖 𝛺𝛺 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑜𝑜𝑜𝑜 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

Stress: 𝝈𝝈 = ℂ𝝐𝝐𝑒𝑒

 𝝐𝝐𝑒𝑒 = 𝝐𝝐 − 𝝐𝝐 𝐿𝐿𝐿𝐿

• Lithium transport  lithium concentration [𝑳𝑳𝑳𝑳]
̇𝐿𝐿𝐿𝐿 + 𝛁𝛁 � 𝑱𝑱 = 0 𝑖𝑖𝑖𝑖 Ω (𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑡𝑡𝑡𝑡 𝑎𝑎 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒)

Fickian diffusion: 𝑱𝑱 = −𝛁𝛁 𝐷𝐷 𝐿𝐿𝐿𝐿

• Solid-phase electrostatic potential  𝚽𝚽𝑵𝑵𝑵𝑵𝑵𝑵
𝛁𝛁 � 𝜅𝜅𝛁𝛁Φ𝑁𝑁𝑁𝑁𝑁𝑁 = 0 𝑖𝑖𝑖𝑖 Ω (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒)

𝒖𝒖

Φ𝑁𝑁𝑁𝑁𝑁𝑁

[𝐿𝐿𝐿𝐿]
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Electrochemistry Boundary Condition (BC): Butler-Volmer Relation

• Lithium transport  intercalated lithium concentration [𝐿𝐿𝐿𝐿]

  BC:  𝛁𝛁 𝐷𝐷 𝐿𝐿𝐿𝐿 � 𝒏𝒏 = − 𝑖𝑖
𝐹𝐹  𝑜𝑜𝑜𝑜 Γℎ

• Solid-phase electrostatic potential  Φ𝑁𝑁𝑁𝑁𝑁𝑁

  BC:  𝜅𝜅𝛁𝛁Φ𝑁𝑁𝑁𝑁𝑁𝑁 � 𝒏𝒏 = −𝑖𝑖 𝑜𝑜𝑜𝑜 Γℎ 
 

Surface of particle 
Γℎ: natural boundary

𝑛𝑛: outward pointing
 normal

Cathode 
Particle

• Butler-Volmer coupling
  BC:  𝑖𝑖 = 𝑖𝑖0 exp 𝛼𝛼𝑎𝑎𝜂𝜂𝜂𝜂

𝑅𝑅𝑅𝑅
 − exp −𝛼𝛼𝑐𝑐𝜂𝜂𝜂𝜂

𝑅𝑅𝑅𝑅
 𝑜𝑜𝑜𝑜 Γℎ

  𝜂𝜂 𝐿𝐿𝐿𝐿 ,Φ𝑁𝑁𝑁𝑁𝑁𝑁 = Φ𝑁𝑁𝑁𝑁𝑁𝑁 − Φ𝑒𝑒𝑒𝑒 − 𝐸𝐸𝑒𝑒𝑒𝑒 𝐿𝐿𝐿𝐿
𝐿𝐿𝐿𝐿 𝑚𝑚𝑚𝑚𝑚𝑚
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Reproducing Kernel Particle Method (RKPM)
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Reproducing Kernel (RK) Approximation

Strategic Correction of Kernel Functions, 𝜙𝜙𝑎𝑎 :

Ψ𝐼𝐼 𝒙𝒙 = 𝐶𝐶 𝒙𝒙; 𝒙𝒙 − 𝒙𝒙𝐼𝐼 𝜙𝜙𝑎𝑎 𝒙𝒙 − 𝒙𝒙𝐼𝐼 = ∑ 𝛂𝛂 ≤𝑛𝑛 𝒙𝒙 − 𝒙𝒙𝐼𝐼 𝛂𝛂 𝑏𝑏𝛂𝛂 𝒙𝒙 𝜙𝜙𝑎𝑎 𝒙𝒙 − 𝒙𝒙𝐼𝐼  

RK Approximation: 

𝑢𝑢 𝒙𝒙 ≈ 𝑢𝑢ℎ 𝒙𝒙 = �
𝐼𝐼=1

𝑁𝑁𝑁𝑁

Ψ𝐼𝐼 𝒙𝒙 𝑑𝑑𝐼𝐼

Reproducing Conditions:

�
I=1

𝑁𝑁𝑁𝑁

Ψ𝐼𝐼 𝒙𝒙 𝒙𝒙𝐼𝐼𝛂𝛂 = 𝒙𝒙𝛂𝛂, 𝛂𝛂 ≤ 𝑛𝑛 𝑂𝑂𝑂𝑂 �
𝐼𝐼=1

𝑁𝑁𝑁𝑁

Ψ𝐼𝐼 𝒙𝒙 𝒙𝒙 − 𝒙𝒙𝐼𝐼 𝛂𝛂 = 𝛿𝛿0𝛂𝛂, 𝛂𝛂 ≤ 𝑛𝑛

Shape Function Construction: Ψ𝐼𝐼 𝒙𝒙

Ψ𝐼𝐼 𝒙𝒙 = 𝑯𝑯𝑇𝑇(𝟎𝟎)𝑴𝑴−1 𝒙𝒙 𝑯𝑯 𝒙𝒙 − 𝒙𝒙𝐼𝐼 𝜙𝜙𝑎𝑎 𝒙𝒙 − 𝒙𝒙𝐼𝐼

𝒃𝒃 𝒙𝒙 = 𝑴𝑴−1 𝒙𝒙 𝑯𝑯 𝟎𝟎 ,  𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝐌𝐌 𝒙𝒙 = ∑𝐼𝐼=1
𝑁𝑁𝑁𝑁 𝐇𝐇 𝒙𝒙 − 𝒙𝒙𝐼𝐼 𝐇𝐇T 𝒙𝒙 − 𝒙𝒙𝐼𝐼 𝜙𝜙𝑎𝑎(𝒙𝒙 − 𝒙𝒙𝐼𝐼) 

Ψ𝐼𝐼 𝒙𝒙 ≡ 𝑯𝑯𝑇𝑇 𝒙𝒙 − 𝒙𝒙𝐼𝐼 𝒃𝒃 𝒙𝒙 𝜙𝜙𝑎𝑎 𝒙𝒙 − 𝒙𝒙𝐼𝐼

𝑯𝑯𝑇𝑇 𝒙𝒙 − 𝒙𝒙𝐼𝐼 = [1, 𝑥𝑥1 − 𝑥𝑥1𝐼𝐼 , 𝑥𝑥2 − 𝑥𝑥2𝐼𝐼 , 𝑥𝑥3 − 𝑥𝑥3𝐼𝐼 , … , 𝑥𝑥3 − 𝑥𝑥3𝐼𝐼
𝑛𝑛]

4. Liu, W.K., S. Jun, S. Li, J. Adee, T. Belytschko. 1995. “Reproducing kernel particle methods for structural dynamics.” Int J Numer 
Methods Eng 38(10): 1655-1679. https://doi.org/10.1002/nme.1620381005. 
5. Chen, J.S., C. Pan, C-T Wu, W.K. Liu. 1996. “Reproducing kernel particle methods for large deformation analysis of non-linear 
structures.” Comput Methods Appl Mech Eng 139(96): 195-227. https://doi.org/10.1016/S0045-7825(96)01083-3. 

https://doi.org/10.1002/nme.1620381005
https://doi.org/10.1016/S0045-7825(96)01083-3
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Linear Patch Test for Coupled Problem
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Linear Patch Test for Coupled Problem

Note: We recover the original governing 
equations once convergence is reached.

Note: A mixed type boundary condition is 
maintained through Butler-Volmer coupling.

𝑖𝑖𝑝𝑝 = 𝑖𝑖 𝐿𝐿𝐿𝐿 𝑝𝑝,Φ𝑁𝑁𝑁𝑁𝑁𝑁
𝑝𝑝

• Designing Mixed BCs (applied as Natural BCs)
• BC Li :  𝛁𝛁 𝐷𝐷 𝐿𝐿𝐿𝐿 � 𝒏𝒏 = − 𝑖𝑖

𝐹𝐹
 𝑜𝑜𝑜𝑜 Γℎ 𝐿𝐿𝐿𝐿  

 ⇒ 𝛁𝛁 𝐷𝐷 𝐿𝐿𝐿𝐿 � 𝒏𝒏 = −
𝑖𝑖
𝐹𝐹

+
𝑖𝑖𝑝𝑝

𝐹𝐹
+ 𝛁𝛁 𝐷𝐷 𝐿𝐿𝐿𝐿 𝑝𝑝 � 𝒏𝒏 𝑜𝑜𝑜𝑜 Γℎ 𝐿𝐿𝐿𝐿

• BCΦ:  𝜅𝜅𝛁𝛁Φ𝑁𝑁𝑁𝑁𝑁𝑁 � 𝒏𝒏 = −𝑖𝑖 𝑜𝑜𝑜𝑜 ΓℎΦNMC
 

 ⇒ 𝜅𝜅𝛁𝛁Φ𝑁𝑁𝑁𝑁𝑁𝑁 � 𝒏𝒏 = −𝑖𝑖 + 𝑖𝑖𝑝𝑝 + 𝜅𝜅𝛁𝛁Φ𝑁𝑁𝑁𝑁𝑁𝑁
𝑝𝑝 � 𝒏𝒏 𝑜𝑜𝑜𝑜 ΓℎΦ𝑁𝑁𝑁𝑁𝑁𝑁

𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅 𝐋𝐋𝟐𝟐 𝐍𝐍𝐍𝐍𝐍𝐍𝐍𝐍 𝐇𝐇𝟏𝟏 𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒𝐒

𝐿𝐿𝐿𝐿 5.041𝑒𝑒 − 07 8.692𝑒𝑒 − 10

Φ𝑁𝑁𝑁𝑁𝑁𝑁 6.604𝑒𝑒 − 12 2.762𝑒𝑒 − 12
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Introducing Weak and Strong Discontinuities to the 
RK Approximation Space



Kernel Function Modifications for Grain Boundaries:   max tanh 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 , 0

Case 2: Scaling with 
no node on boundary

Case 1: Scaling with 
node on boundary

Strong discontinuity 
introduced only for 
Ψ𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵

Weak discontinuity 
introduced only for 
Ψ𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵



Function 
Approximation, 𝑢𝑢ℎ

Target Function 2
Ca

se
 2
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 1
Target Function 1

St
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K

Weak 
Discontinuity

Strong 
Discontinuity
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Image-based Modeling
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From Pixels to Nodes
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Neural Network Enhanced Reproducing Kernel 
Approximation
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Neural Network Enhanced Reproducing Kernel (NN-RK) Approximation

6. Baek, J., J.S. Chen, K. Susuki. 2022. “A neural network-enhanced reproducing kernel particle method for modeling strain 
localization.” Int J Numer Methods Eng 123(18): 4422-4454. https://doi.org/10.1002/nme.7040. 

𝑢𝑢𝑁𝑁𝑁𝑁 𝐱𝐱 = �
𝐵𝐵=1

𝑁𝑁𝐵𝐵

𝑏𝑏𝐵𝐵𝑁𝑁𝑁𝑁 𝐱𝐱;𝐖𝐖𝐵𝐵

𝑏𝑏𝐵𝐵𝑁𝑁𝑁𝑁 𝐱𝐱;𝐖𝐖 = �
𝐾𝐾=1

𝑁𝑁𝐾𝐾
�𝜙𝜙𝐾𝐾𝐾𝐾 𝐲𝐲 𝐱𝐱;𝐖𝐖𝐵𝐵

𝐿𝐿 ,𝐖𝐖𝐾𝐾𝐾𝐾
𝑆𝑆 𝑝𝑝 𝐱𝐱;𝐖𝐖𝐾𝐾𝐾𝐾

𝑃𝑃

• 𝐖𝐖𝐿𝐿: NN weight set controlling 
the location and orientation of 
the kernel.

• 𝐖𝐖𝑆𝑆: NN weight set controlling 
the shape of transition.

• 𝑁𝑁𝑁𝑁: the number of 
NN kernels per block

NN Kernel function captures
• Location and orientation of 

localization
• Shape of solution 

transition

NN Polynomial introduces
• Monomial completeness 

for further accuracy

• 𝐖𝐖𝑃𝑃: NN monomial coefficient set

Neural network 
(NN) approximation

Block-level NN 
approximation

• 𝑏𝑏𝐵𝐵𝑁𝑁𝑁𝑁: block-level NN approximation

* The NN control parameters 𝐖𝐖𝐿𝐿, 𝐖𝐖𝑆𝑆, 
and 𝐖𝐖𝑃𝑃 are automatically determined 
via loss function minimization.

𝐮𝐮ℎ = �𝐮𝐮ℎ + �𝐮𝐮ℎ
Solution decomposition

Smooth solution approximation

�𝐮𝐮ℎ 𝐱𝐱 ≈ 𝐮𝐮𝑁𝑁𝑁𝑁 𝐗𝐗  = ∑𝐼𝐼=1𝑁𝑁𝑁𝑁 𝑏𝑏𝐼𝐼 𝐗𝐗;𝐖𝐖
Neural Network (NN)  Enrichment

�𝐮𝐮ℎ 𝐗𝐗 ≈ 𝐮𝐮𝑅𝑅𝑅𝑅 𝐗𝐗  = ∑𝐼𝐼=1𝑁𝑁𝑁𝑁 Ψ𝐼𝐼 𝐗𝐗 𝐝𝐝𝐼𝐼

�𝜙𝜙𝐽𝐽𝐽

𝑦𝑦1

𝑦𝑦1

�𝜙𝜙𝐽𝐽𝐽

https://doi.org/10.1002/nme.7040
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Block-Level Neural Network Architecture A block-level neural network is a modified deep neural network
with increased interpretability.

𝑥𝑥1 

𝑥𝑥𝐷𝐷 

1 

⋮

1 

⋮

1 

⋮

𝑦𝑦1 

𝑦𝑦𝐷𝐷 

1 

⋮

Input layer
(physical 

coordinate)

Intermediate 
output layer
(parametric 
coordinate)

Neuron with tanh 
activation

Parametrization sub-block

⋮

M
ul

tip
lic

at
io

n 
&

 
N

or
m

al
iza

tio
n

⋮

�𝜙𝜙1 

�𝜙𝜙2 

�𝜙𝜙𝑁𝑁𝐾𝐾 

𝑏𝑏𝐵𝐵𝑁𝑁𝑁𝑁 

Intermediate 
output layer
(NN kernels)

Output layer
(Block-level NN 

approx.)

Neuron with parametric 
softplus activation

NN kernel sub-block

𝑦𝑦1

�𝜙𝜙𝐽𝐽𝐽
�𝜙𝜙𝐽𝐽𝐽

𝑦𝑦1
Polynomial 

weights

𝑥𝑥1 

𝑥𝑥𝐷𝐷
𝑝𝑝 
⋮

1 

𝑝𝑝2 

𝑝𝑝𝑁𝑁𝐾𝐾 

⋮

𝑝𝑝1 

Polynomial sub-block

6. Baek, J., J.S. Chen, K. Susuki. 2022. “A neural network-enhanced reproducing kernel particle method for modeling strain 
localization.” Int J Numer Methods Eng 123(18): 4422-4454. https://doi.org/10.1002/nme.7040. 

https://doi.org/10.1002/nme.7040
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NN Kernel Function Controlled by 𝐖𝐖𝑆𝑆

𝜙𝜙 𝑦𝑦;𝐖𝐖𝐾𝐾𝐾𝐾
𝑆𝑆 = �

𝑖𝑖=1

2

�𝜙𝜙 𝑧𝑧𝑖𝑖 𝑦𝑦, �𝑦𝑦𝑖𝑖𝐾𝐾𝐾𝐾, 𝑐𝑐𝑖𝑖𝐾𝐾𝐾𝐾 ;𝛽𝛽𝑖𝑖𝐾𝐾𝐾𝐾

NN Kernel Function

Regularized step functions

Regularized Step 
Functions

�𝜙𝜙 𝑧𝑧𝑖𝑖;𝛽𝛽𝑖𝑖 ≡ 𝑆𝑆 𝑧𝑧𝑖𝑖 +
1
2

;𝛽𝛽𝑖𝑖 − 𝑆𝑆 𝑧𝑧𝑖𝑖 −
1
2

;𝛽𝛽𝑖𝑖

Where   𝑧𝑧𝑖𝑖 = −1 𝑖𝑖 ⁄𝑦𝑦 − �𝑦𝑦𝑖𝑖 𝑐𝑐𝑖𝑖  ,  𝑖𝑖 =
1, 2

𝑆𝑆 𝑧𝑧;𝛽𝛽 = 1
𝛽𝛽

log 1 + 𝑒𝑒𝛽𝛽𝛽𝛽  

(parametric softplus function)

�𝜙𝜙1�𝜙𝜙2

𝜙𝜙

NN Kernel sub-block

6. Baek, J., J.S. Chen, K. Susuki. 2022. “A neural network-enhanced reproducing kernel particle method for modeling strain 
localization.” Int J Numer Methods Eng 123(18): 4422-4454. https://doi.org/10.1002/nme.7040. 

https://doi.org/10.1002/nme.7040
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Neural Network Kernel Function Controlled by 𝐖𝐖𝑆𝑆

6. Baek, J., J.S. Chen, K. Susuki. 2022. “A neural network-enhanced reproducing kernel particle method for modeling strain 
localization.” Int J Numer Methods Eng 123(18): 4422-4454. https://doi.org/10.1002/nme.7040. 

NN Control Parameter 𝑐𝑐
Transition of NN kernel function

NN kernel function

NN kernel function derivatives

NN Control Parameter �𝑦𝑦
Domain of influence

NN Control Parameter 𝛽𝛽
Transition of NN kernel function 
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Convergence Performance for Function Evaluation:
(1) Influence of the Number of Neurons (𝑁𝑁𝑁𝑁𝑁𝑁)

Average rate of convergence: 2.282

NNR=8

NNR=32

NNR=16

Number of block 𝑁𝑁𝐵𝐵 = 1
Number of NN kernel per block 𝑁𝑁𝐾𝐾 = 4

𝑓𝑓𝑅𝑅𝑅𝑅 + 𝑓𝑓𝑁𝑁𝑁𝑁 𝑓𝑓𝑅𝑅𝑅𝑅 𝑓𝑓𝑁𝑁𝑁𝑁

6. Baek, J., J.S. Chen, K. Susuki. 2022. “A neural network-enhanced reproducing kernel particle method for modeling strain 
localization.” Int J Numer Methods Eng 123(18): 4422-4454. https://doi.org/10.1002/nme.7040. 
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Convergence Performance for Function Evaluation:
(2) Influence of the number of NN Blocks (𝑁𝑁𝐵𝐵)

Average rate of convergence: 3.578

Number of neurons 𝑁𝑁𝑁𝑁𝑁𝑁 = 32
Number of NN kernel per block 𝑁𝑁𝐾𝐾 = 4

NB=1

NB=2

NB=4

𝑓𝑓𝑅𝑅𝑅𝑅 + 𝑓𝑓𝑁𝑁𝑁𝑁 𝑓𝑓𝑅𝑅𝑅𝑅 𝑓𝑓𝑁𝑁𝑁𝑁

6. Baek, J., J.S. Chen, K. Susuki. 2022. “A neural network-enhanced reproducing kernel particle method for modeling strain 
localization.” Int J Numer Methods Eng 123(18): 4422-4454. https://doi.org/10.1002/nme.7040. 

https://doi.org/10.1002/nme.7040


24

Damage Evolution

𝑢𝑢𝑦𝑦 = 0

𝑢𝑢𝑦𝑦 = 0

minΠ =
1
2
�
Ω
𝑔𝑔 𝜂𝜂 𝜓𝜓+ + 𝜓𝜓− 𝑑𝑑Ω + 𝑝𝑝�

Ω
𝜂𝜂2𝑑𝑑Ω + Π𝑒𝑒𝑒𝑒𝑒𝑒

𝜂𝜂 =
𝜅𝜅

𝜅𝜅 + 𝑝𝑝
Damage 𝜅𝜅 = 𝜓𝜓+ − 𝜓𝜓𝑐𝑐

𝜓𝜓+ =
1
2
𝜆𝜆 𝑡𝑡𝑡𝑡𝜀𝜀𝑖𝑖 2 + 𝜇𝜇𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖+

𝜓𝜓− =
1
2
𝜆𝜆 𝑡𝑡𝑡𝑡𝜀𝜀𝑖𝑖 2 − 𝑡𝑡𝑡𝑡𝜀𝜀𝑖𝑖 2 + 𝜇𝜇𝜀𝜀𝑖𝑖−𝜀𝜀𝑖𝑖−

⋅ = max 0,⋅

• 256 RK particles (16X16) are used 
with 512 RK coefficients.

• 3 NN blocks are used with 540 total 
unknown weights and biases.

• Visibility criteria with diffraction is 
applied to the RK shape functions 
around the area of pre-existing crack.
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Mixed-mode Fracture of a Doubly 
Notched Crack Branching

NN-RKPM Experiment (reference)
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https://doi.org/https://doi.org/10.1023/A:1007460316400 

https://doi.org/https:/doi.org/10.1023/A:1007460316400


26

Conclusions and Future Work
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Conclusions:
• A coupled linear patch test was designed and passed for the electrochemical model.

• Through kernel function scaling and strategic RK node placement, weak and strong 
discontinuities along grain boundaries were introduced in a flexible manner.

• Image-based modeling techniques were leveraged for realistic model construction.

•  NN enhancement increased localization accuracy in homogeneous materials 
without model refinement.
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